RELATIVE LOG CONVERGENT COHOMOLOGY AND 
RELATIVE RIGID COHOMOLOGY II 

ATSUSHI SHIHO 

Abstract. In this paper, we develop the theory of relative log convergent coho- 
mology of radius A (0 < A < 1), which is a generalization of the notion of relative 
log convergent cohomology in the previous paper. By comparing this cohomology 
with relative log crystalline cohomology, relative rigid cohomology and its variants 
and by using some technique of hypercovering, we prove a version of Berthelot's 
conjecture on the overconvergence of relative rigid cohomology for proper smooth 
families. 
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Introduction 

Let be a perfect field of characteristic p > 0, let be a complete discrete 
valuation ring of mixed characteristic with residue field k and let X be a scheme 
separated of finite type over k. Then it is expected that the correct p-adic analogue 
on X of the notion of local systems in complex analytic case or that of smooth Z-adic 
sheaves in /-adic case is the notion of overconvergent F-isocrystals on X, which is 
defined by Berthelot ([B2], [B3]). So, when we are given a proper smooth morphism 
/ : X — > Y and an overconvergent F-isocrystal S on X, the higher direct image 
of S (= relative rigid cohomology of X/Y with coefficient S, [B2], [Ch-T]) should 
have the canonical structure of an overconvergent F-isocrystal. This is the content 
of Berthelot's conjecture on the coherence and the overconvergence of relative rigid 
cohomology. (As we noted in [S3, §5] and we will repeat again in this introduction. 
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one can consider several versions of this conjecture. See also [B2, (4.3)], [T3, §4].) 
The purpose of this paper is to prove a version of Berthelot's conjecture. 

Let me introduce some terminologies and give some explanation on Berthelot's 
conjecture. In this introduction, a pair {X, X) is a pair of schemes X, X separated 
of finite type over k endowed with an open immersion X ^ X. A triple {X, X, X) 
is a pair {X, X) endowed with a p-adic formal scheme X separated, topologically of 
finite type over Spf V and a closed immersion X ^ X over Spf V. For a triple of 
the form {S, S, S) and a pair (X, X) over {S, S), an {X, X)-triple over (S, S, S) is a 
triple {Y, Y, y) over {S, S, S) endowed with a morphism of pairs {Y, Y) — > [X, X) 
over {S,S). Then Berthelot's conjecture is described as follows ([S3, 5.3]): 

Conjecture 0.1. Let us take a triple of the form {S,S,S) {endowed with a lift of 
Frobenius on S) and assume we are given a diagram of pairs 

{X,X)M{Y,7)^{S,S) 

such that f : X — > Y is proper, f~^{Y) = X and that f\x'-X — > Y is smooth. 
Then, for an overconvergent {F-)isocrystal S on {X, X)/Sk and q > 0, there exists 
uniquely an overconvergent {F-)isocrystal T (which is called the q-th rigid coho- 
mology overconvergent isocrystal) on {Y,Y)/Sk satisfying the following condition: 
For any (Y, Y)-triple {Z, Z, Z) over {S, S, S) with Z formally smooth over S on a 
neighborhood of Z, the restriction of T to P{{Z,Z)/Sk,Z) is given functorially by 
(^V(xxyZ,xxyZ)/2,rig*'^>e), where e is given by 

P2-^^/(XxyZ,XXyZ)/2:,rig*^ ~^ ^'^f{XxYZ,XxYZ)/ZxsZ,rig*^ 

^ Pl^'^ f{XxYZ,XxYZ)/Z,Tig*^- 

{Here l'^{{Z, Z)/Sk, Z) denotes the category of overconvergent isocrystals on {Z, Z)/ 
Sk overZ, i?V(xxyZ,xx-z)/2,rig*^>^'/(xxyZ,Xx_^z)/2x^^2,rig*^ (^^e relative rigid co- 
homologies and pi is the morphism \Z\zxsZ — ^\'Z'\z induced by the i-th projection.) 

We would like to consider the following version of Berthelot's conjecture ([S3, 
5.5]), which is slightly weaker than Conjecture 0.1 but strong enough to assure the 
unique existence of 'the g-th rigid cohomology overconvergent isocrystal': 

Conjecture 0.2. Let us take a triple of the form {S,S,S) {endowed with a lift of 
Frobenius on S) and assume we are given a diagram of pairs 

{X,X)M{Y,Y)^{S,S) 

such that f : X — > Y is proper, f~^{Y) = X and that f\x'-X — > Y is smooth. 
Then there exists a subcategory C of the category of (Y, Y) -triples over {S, S, S) such 
that, for an overconvergent {F-)isocrystal £ on {X,X)/Sk and q > 0, there exists 
uniquely an overconvergent {F -) isocrystal J-' {which is called the q-th rigid cohomol- 
ogy overconvergent isocrystal) on {Y,Y)/Sk satisfying the following condition: For 
any {Z, Z, Z) & C with Z formally smooth overS on a neighborhood of Z , the restric- 
tion of T to P{{Z,Z)/Sk,Z) is given functorially by (i?V(xxyZ,XxyZ)/z,rig/' e), 
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where e is given by 

Pl-^^/(XxyZ,XXyZ)/2:,rig*^- 

{Here the notations are as in Conjecture 0.1.) 

The difference of Conjecture 0.2 compared to Conjecture 0.1 is the introduction 
of the category C: Conjecture 0.2 is weaker than Conjecture 0.1 in the sense that 
C need not be equal to the category of all (F, y)-triples {Z^Z^Z) over {S^S^S). 
However, Conjecture 0.2 is strong enough to require the unique existence of As 
long as we know, there is no non-trivial example for which Conjecture 0.1 is known. 
On the other hand. Conjecture 0.2 is known in liftable case ([B2, Thm 5], [T3, 4.1.4], 
see also [S3, 5.7]) and the case where the morphism / : X — > Y admits a 'nice' log 
structure and £ comes from a locally free isocrystal on log convergent site (X/5)J,°fjy. 
(For precise statement, see [S3, 5.14, 5.15].) The main result in this paper is the 
following theorems (= Theorems 7.6, 7.10 in this paper). 

Theorem 0.3. In the situation of Conjecture 0.2 {without a lift of Frobenius on S), 
assume moreover that S — Spf V and Y is smooth over k. Then Conjecture 0.2 {the 
version without Frobenius structure) is true. 

Theorem 0.4. In the situation of Conjecture 0.2 {with a lift of Frobenius on S), 
assume moreover that S — Spf y. Then Conjecture 0.2 {the version with Frobenius 
structure) is true. 

In the course of the proof of or as variants of the above theorems, we also prove 
the following results: 

(a) li f : X — )• Y admits a nice log structure and E is locally free, then Conjecture 
0.2 (the version without Frobenius structure) is true, without any assumption on 
Y,S (Theorem 5.2). Moreover, if 5* = Spf the version with Frobenius structure 
is also true (Theorem 7.9). 

(b) Even if we do not assume the smoothness of /, the analogue of Conjecture 0.2 
(the version without Frobenius structure) is true for locally free £, if we shrink Y 
(Theorem 7.4). Moreover, if 5" = Spf y, the version with Frobenius structure is also 
true (Theorem 7.9). 

(c) Theorem 0.3 is true without the assumption of smoothness on Y if we assume 
the full-faithfulness conjecture of Tsuzuki ([Tl, 1.2.1], see also Conjecture 7.7) (The- 
orem 7.8). 

Now we give an outline of the proof of Theorems 0.3, 0.4 and explain the content 
of this paper. The key to the proof is the comparison of the following six cohomology 
theories: 

(1) Relative log crystalline cohomology ([Kat], see also [S3, §1]). 

(2) Relative log convergent cohomology of radius A (A G (0, 1]). 

(3) Relative log analytic cohomology of radius A (A e (0, 1]). 
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(4) A- restriction of relative log rigid cohomology (A e (0, 1)). 

(5) Relative log rigid cohomology. 

(6) Relative rigid cohomology. 

First, in Section 1, we introduce the notion of relative log convergent cohomology 
of radius A and prove the comparison theorem with relative log crystalline coho- 
mology when A is sufficiently close to 1. In the case A = 1, relative log convergent 
cohomology of radius A is the same as relative log convergent cohomology which 
was introduced in [S3], [N-S]. In Section 2, by using the results in Section 1 and 
the technique developped in [S3, §3], we prove the finiteness and the base change 
property of relative log convergent cohomology of radius A for proper log smooth 
integral morphism having log smooth parameter (for definition, sec Definition 2.6 or 
[S3, 3.4]) when A is sufficiently close to 1. In Section 3, we introduce the notion of 
relative log analytic cohomology of radius A and prove a relation of it with relative 
log convergent cohomology of radius A. Using this, we prove a kind of the coherence 
and the convergence property of relative log analytic cohomology of radius A for 
proper log smooth integral morphism having log smooth parameter. In Section 4, 
ffist we introduce the notion of a log pair and an overconvergent isocrystal on it. 
Then, for a morphism of log pairs and an overconvergent isocrystal on the source, we 
define the notion of relative log rigid cohomology. Then we relate it to the relative 
rigid cohomology (defined in [B2], [Ch-T]) in certain case. After that, we introduce 
the notion of A-restriction of relative log rigid cohomology and compare it with rel- 
ative rigid cohomology when A is sufficiently close to 1. In Section 5, we prove the 
assertion (a) (the version without Probenius structure) above: By the results proved 
up to Section 4, relative log analytic cohomology of radius A has certain coherence 
property and relative rigid cohomology is related to the A-restriction of relative log 
rigid cohomology. So we compare the relative log analytic cohomology of radius 
A and the A-restriction of relative log rigid cohomology. To deduce the assertion 
(a), the base change theorem of relative rigid cohomology proved by Tsuzuki [T3, 
2.3.1] is also important. In Section 6, we prove a result of altering a given proper 
morphism of schemes over to a certain simplicial morphism of schemes whose 
components admit nice log structures, by using results of de Jong [dJ], [dJ2]. This 
result allows us to reduce the proof of the main theorems to the case of proper log 
smooth integral morphisms having log smooth parameter. Indeed, in Section 7, first 
we prove the assertion (b) (the version without Frobenius structure) by combining 
the results in Sections 5 and 6. Then, by combining this with (a special case of) 
the main result of [S3] and a result of Kedlaya in [Kel] on the extendability of over- 
convergent isocrystals, we prove Theorem 0.3. Finally, by working slightly more, we 
prove the assertion (c), the assertions (a), (b) (the version with Frobenius structure) 
and Theorem 0.4. 

The author would like to thank to Nobuo Tsuzuki and Makoto Matsumoto for 
inviting him to give a talk at a conference held at Hiroshima University, and to 
Takeshi Tsuji for encouraging him to give a talk at a conference held at Tam- 
bara Institute for Mathematical Sciences. The author would like to thank to Kiran 
Kedlaya for kindly sending the preprint [Ke2]. The author is partly supported by 
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Convention 

(1) Throughout this paper, k is a field of characteristic p > 0, W is a fixed Cohen 
ring of k and K is the fraction field of W. As we will remark in the text, we will 
assume that k is perfect in Sections 6 and 7. We fix a p-adic fine log formal scheme 
{B, Mis) separated and topologically of finite type over Spf as a base log formal 
scheme. (Note that B is Noetherian.) We denote the scheme {B, Mg) Z/pZ by 
{B, Mb). We denote the category of fine log (not necessarily p-adic) formal schemes 
which are separated and topologically of finite type over (B, Me) by (LFS/B) and 
denote the full subcategory of (LFS/i3) which consists of p-adic ones by (pLFS/B). 
We denote the full subcategory of (LFS/i3) which consists of usual fine log schemes 
by (LS/B) and the full subcategory which consists of fine log schemes over {B, Mb) 
by (LS/B). We call an object in (LFS/B) a fine log formal B-scheme, an object in 
(pLFS/B) a p-adic fine log formal i3-scheme, an object in (LS/B) a fine log ,B-scheme 
and an object in (LS/-B) a fine log 5-scheme. (When log structure is trivial, we omit 
the term 'fine log'.) Note that, in Sections 4-7, we will impose more assumptions 
on B. 

(2) For a formal B-scheme T, we denote the rigid analytic space assocated to T by 
Tk. 

(3) In this paper, we freely use terminologies concerning log structures defined in 
[Kat], [SI] and [S2]. For a fine log (formal) scheme {X, Mx), {X, Mx)triv denotes the 
maximal open sub (formal) scheme of X on which the log structure Mx is trivial. 
A morphism f : {X,Mx) — > {Y, My) is said to be strict if /*My = Mx holds. 

(4) For a site S, we will denote the topos associated to S by 

(5) Fiber products of log formal schemes are completed unless otherwise stated. 
On the other hand, the completed tensor pruduct of topological modules are denoted 
by (S> to distinguish with the usual tensor product <S>- 

1. Relative log convergent cohomology of radius A (I) 

In this section, first we introduce the notion of relative log convergent site of 
radius A (0 < A < 1), which is a generalization of the relative log convergent site 
introduced in [S3, 2.4]. Then we prove some basic properties of it and we prove the 
log convergent Poincare lemma for this site. After that, we prove the comparison 
theorem between relative log convergent cohomology of radius A with relative log 
crystalline cohomology when A is sufficiently close to 1. The proof is similar to that 
given in [S3, §2] but slightly more complicated. 

First let us recall the definition of pre-widening, widening and enlargement, which 
was defined in [S3, Definition 2.1, 2.2]: 

Definition 1.1. Let f : {X,Mx) — > {y,My) be a morphism in (pLFS/B). Define 
the category Q{{X /yy°^) of quadruples on {X , Mx) / {y , My) as follows: The objects 
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are the data {{Z, Mz), {Z, Mz),i, z), where {Z,Mz) is an object in (LFS/i3) over 
{y,My), {Z,Mz) is an object in (LS/B) over {y,My), i is a closed immersion 
{Z, Mz) ^ [Z, Mz) over {y, My) and z is a morphism {Z, Mz) — > {X, Mx) m 
(LFS/i3) over {y,My). We define a morphism of quadruples on {X , Mx) / {y , My) 
in an obvious way. {See [S2, 2.1.8].) 

Definition 1.2. Let f : {X,Mx) — ^ {y,My) be as above. 

(1) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is called a pre-wid- 
ening on {X , Mx)/ly , My) if Z is in {pLFS/B). 

(2) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is called a widening 
on {X , Mx) / {y , My) if i is a homeomorphic closed immersion {that is, if Z is a 

scheme of definition of Z via i). 

(3) A {pre-) widening {{Z,Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is said to be ex- 
act if i is exact. It is said to be affine if Z, z and the structure morphism Z — > y 

are affine. 

(4) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is called an enlarge- 
ment if it is both pre-widening and widening, it is exact and Z is flat over Spf PF. 

We introduce the notion of tlie radius of an enlargement, which is one of the key 
notion in this paper. 

Definition 1.3. (1) For a sheaf of rings A on a site and a sheaf of ideals X of 
A, we define r{A,X) G [0, oo] by r{A,I) := sup{6/a | J" C p^A}. 
(2) Letf : {X,Mx) — > {y,My) be a morphism in {pLFS / B) , let Z := {{Z,Mz), 
{Z, Mz),i, z) be an enlargement of {X , Mx) / {y , My) and put T := Kcy{Oz 
— > Oz)- Then we define r{Z) by r{Z) :— r{Oz,1) and call it the logarith- 
mic radius of Z. We define \{Z) by 

X{Z) := p-'-^^^ = inf{p-''/" I X" C p^Oz} 

and call it the radius of Z. By definition, we have r{Z) e (0, oo) and \{Z) e 
(0,1). 

We prove basic properties of r{A,T) which we will use later. 

Lemma 1.4. Let A be as above. 

(1) For sheaves of ideals I, J of A, we have {r{A,I)'^+r{A, J)'^)''^ < r{A,l+ 
J). Moreover, ifr{A,J) = oo {this is the case if, for example, J is 
nilpotent), we have r{A,I) = r{A,T + J). 

(2) For sheaves JT" C X of A such that J is nilpotent, we have r{AI J ,T j J) — 
r{A,X). 

Proof. If we have T" C p^A and JT""' C p^' A, we have 

(J + J)'^^'+<''^ c J"*' + J'''^ C p^^'A. 

The former assertion of (1) follows from this, the latter assertion follows from the 
inequality 

r{A,X) = {r{A,X)-^ + OQ-^)-^ < r{A,X + J) < r{A,X). 



RELATIVE LOG CONVERGENT COHOMOLOGY II 7 

Next let us prove (2). If we have J'^ C p^A, we have (X/jT)" C p\A/J). On the 
other hand, assume we have {I/JY C p\A/J). Then we have C p'^A + J. If 
we take N eN satisfying J^^^ — 0, we have, for any n> N, the inclusion 

T"" C {p^A + JY c 

Prom this, we can deduce the equality r{A/ J ,X/ J) = r{A,2). □ 

Now we give the definition of relative log convergent site of radius A and the 
category of isocrystals on it, as follows: 

Definition 1.5. Let r he one of the words {Zar(= Zariski), et(= etale)}. For a 
morphism {X,Mx) — > {y,My) in (pLFS/i3) and X e (0, 1], we define the log con- 
vergent site /y^x^onv T of (X, Mx)/{y, My) of radius X with respect to T-topology 

as follows: The objects are the enlargements Z on {X , Mx) /{y ^ My) with X{Z) < X 
and the morphisms are the morphism of enlargements. A family of morphisms 

{((Z,,M2j,(Z^,MzJ,ia,Za) {{Z,Mz),{Z,Mz),i,z)}aei 

is a covering if the morphisms {Za,Mz^) {Z,Mz) are strict, form a cover- 
ing of Z with respect to T-topology and {Za,Mz^) is canonically isomorphic to 
{Za, MzS) ^{z,Mz),i {^1 Mz)- When the log structures are trivial, we omit the super- 
script in ('^/3^)A-conv,T- denote the right derived functor {resp. the q-th right 
derived functor) of the functor 

{Xly)Y^:..,r 3^Zar; ^ ^ ^ Xy ^)) 

by Rfx/y, x-conv*^ {resp. R'^ fx/y,x-conv*£) ■ We call R'^f^/y ^x.conv*£ the q-th relative 
log convergent cohomology of {X , M^) / {y , My) with coefficients. 

Remark 1.6. (1) When A is equal to 1, (^/3^)A_conv r nothing but the relative 
log convergent site ('^/3^)conv,r defined in [S3, 2.4]. 
(2) For a morphism of enlargements g : Z' :— {{Z' ,Mz'),{Z' ,Mz'),i' ,z') — 
{{Z,Mz),{Z,Mz)Xz) =: Z satisfying {Z'.Mz') X(z,Mz),i iZ,Mz) = (Z', 
Mz'), we have X{Z') < X{Z). So the category of coverings of an object Z in 
^ is equal to the category of coverings of Z when considered in 

conv,T' 

Definition 1.7. Let the notations be as above. An isocrystal on the log convergent 
site of radius X ('^/J^jA-conv.r ^■^ ^ sheaf S on ('^/^)A-conv,T satisfying the following 
conditions: 

(1) For any object Z in {'^ /y)^\^omr,T> sheaf 8 z on Z induced by £ is an 
isocoherent sheaf. ( That is, Sz has the form Q <^z ^ 'with T a coherent 
Oz-module.) 

(2) For any morphism f : Z' — > Z in (<^/3^)A-conv,TJ ^^'^ homomorphism f*Sz 
— > Sz' of sheaves on Z' induced by S is an isomorphism. 

We denote the category of isocrystals on ('^/3^)A-conv t -^A-conv,T(('^/3^)^°^)- When 
the log structures are trivial, we omit the superscript 



8 



ATSUSHI SHIHO 



Definition 1.8. Let the notations be as above. Then an isocrystal £ is said to be 
locally free if, for any enlargement Z, the sheaf £z on Z induced by £ is a locally 
free Q ®i Oz-module in the sense of [S3, 1.9]. {Note that it does not mean that £ is 
a free Q ®z Oz -module locally on Zzax-) 

For a morphism {X,Mx) — * {y,My) in (pLFS/i3) and a (pre-) widening Z on 
(A", Mx) I (3^, My\ we can define the notion of localized log convergent site of radius 
A (A:'/3^)A-conv,TU and the category of isocrystals /A-conv,r(('V/3^)^°^U) on it. Also, 
for a simplicial object M_:j.(,)) in (pLFS/i3) and a morphism M;,.(.)) — 

(3^, My) in (pLFS/i3), we can define the relative log convergent topos ('^*^'V^)A-conv t 
of radius A. As in [S3, 2.7] and [S2, 2.1.20], we have the following: 

Proposition 1.9. Let {X,Mx) — > {y,My) be a morphism in (pLFS/B) and let 
T be one of the words {Zar(= Zariski), et(= etale)}. Let g^*^ : Mx(»)) — 

{X,Mx) be a strict r-hypercovering of X . Let Q := {B*,Q-^) : ('^^•V^)A-conv,r — ' 
{^jy^^^^^^ be the morphism of topoi characterized by — grW'~^(£'). 

Then, for any abelian sheaf E on ('^/iV)A-conv t> canonical homomorphism E — > 
RO^O~^E is a quasi-isomorphism. 

We also need a similar but slightly different descent property, which we will re- 
call now. Let {X, Mx) — > {y, My) be as above and assume we are given an 
open covering X = [jj^j Xj by finite number of sub formal schemes. For non- 
empty subset L C J, put Xl :— {^j^^Xj^Mxj^ ■= Mx^Ixl for m e N, let 
{X^'^\ Mxim)) be the disjoint union of {Xl, MxJ's for |L| = m + 1. is empty 

for m > \ J\ =: N -\- 1.) Let be the category such that the objects are the sets 
[m] := {0, 1, 2, ■ ■ -m} with m < N and that Hom^+ {[m], [m']) is the set of strictly 
increasing maps [m] [m']. Then, if we fix a total order on J, we can regard 
{X^*\ Mx(»)) := {{X^"^\ Mx(m.))}o<m<N naturally as a diagram indexed by and 
we have a morphism : {X^*\ M;^(.)) — > {X,Mx). (cf. [S3, §1].) Then we have 
the following proposition, whose proof is the same as Proposition 1.9 (we omit it): 

Proposition 1.10. With the above notation, let 9 := {6^,6-^) : (A'(')/3^)^°_^^'~^^ — > 
{X /y)^^^^^^^.,. be the morphism of topoi characterized by 9~^{E)^'^^ := g^''^'^^{E). 
Then, for any abelian sheaf E on ('^/iV)A-conv canonical homomorphism E — > 

R9*9~^E is a quasi-isomorphism. 

We have the following as in [S3, 2.9], [S2, 2.1.21]: 

Proposition 1.11. Let {X,Mx) — > {y,My) be as above and let Z be a {pre- 
)widening of {X , Mx) / {y , My) . Let us denote the canonical morphism of topoi 

{X/y)Y^^^,^, ('^/3^)Arnv,Za. {resp. (A'/3;)i°rnv,etU ^ ('^/:^^)Arnv,Za.U ) 

by e. Then: 

(1) For any £ G /A-conv,et(('^/:^)'°') i^esp. £ e /A-conv,et(('^/:^)'°'|2)), we have 
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(2) The functor £ h- >• e^£ induces the equivalence of categories 

/A-conv,et((A'/y)'°^) ^ /A-conv,Zar( (A'/J^)'"^) 
{resp. /A-conv,et((A'/3^)'°*^U) ^/A-conv,Zar((A'/3^)'°^U) )• 

In the rest of this paper, we denote the category /A-conv,ct(('^/3^)'°^) = -^A-conv,Zar(('^ 

/yy-^) (resp. h-con.A{^lyy°^\z) = /A-conv,Zar((A'/3^)'°SU)) simply by /A.conv((^/ 

y f^^) (resp. h.coA{X/yT^\z)) and call it an isocrystal on {X/y)'°!^^^ (resp. {X / 
^)A-convU)> by abuse of terminology. 

Next we introduce the notion of the system of universal enlargements of radius 
A, which is a generalization of the notion of the system of universal enlargements 
defined in [S3, 2.12]. To this end, first we define the oriented set which will be the 
index category of the system of universal enlargements: 

Definition 1.12. Let A he the set {(a, 6) | a, 6 G N>i}. For {a,b), {a',b') E A, we 
write {a,b) y>- {a',b') if {a',b') is equal to one of the elements (a + l,b), {a,b — 
1), {na,nb) {for some n G N>i). We write {a,b) >- {a',b') if there exists a sequence 
of elements in A of the form 

(a, b) = (ao, bo) >-y (ai, bi) ■ ■ ■ (a„, 6„) = (a', b'). 

For r > 0, let be the subset {{a,b) E A\b/a > r}. 

Lemma 1.13. The relation y defines a partial order on A and for any r > 0, the 

set Ar is oriented with respect to the order y. {That is, for any {a,b), {a',b') e A, 
there exists an element {a",b") in A with {a,b) y {a",b"), {a',b') y {a",b").) 

Proof. If we have (a, 6) >-:^ {a',b'), we have b/a > b'/a' or b/a = b'/a',a < a'. So 
the same is true if we have (a, b) y (a', b'). Hence, if we have both (a, b) y (a', b') 
and (a', b') y (a, b), we have b/a — b'/a', a — a'. So we have (a, b) — {a', b') and so 
is a partial order on A. 

If we have (a, b), (a', b') G A^, we have (a, 6) >- (a", b"), (a', b') y {a", b") if we put 
{a" ,b") := {aa' ,mm{ab' ,a'b}). So A^ is oriented. □ 

Sometimes it is convenient to take a sequence which is cofinal with A^: 

Definition 1.14. A sequence a := {(a„,6„)} of elements of Ar is said to be a good 
sequence if the following conditions are satisfied: 

(1) We have (ai, bi) y (02, b2) y ■ ■ ■ , bn/ an > r (Vn) and lim^^oo (^n/on) = r. 

(2) ttn+i is divisible by a„ for any n G N and for any m G N>i, there exists 
n G N such that an is divisible by m. 

Lemma 1.15. For any r > 0, there exists a good sequence a in Aj. and any good 

sequence a in A^ is cofinal with respect to y in Ar. 

Proof. For n G N, let r„ := 6„/n! be the least rational number strictly bigger than 
r with denominator n\. Then one can check that the sequence {(n!, bn)}n is a good 
sequence in A^. 

Let us prove the latter statement. For any good sequence a := {(flm^n)} in A^ 
and (a, 6) G A,., there exists n G N satisfying b/a > bn/on and that a„ is divisible 
by a. Then we have (a, b) y (a„, So a is cofinal in A^. □ 



10 



ATSUSHI SHIHO 



Now we define the notion of the system of universal enlargements of radius A. Let 
Z := {{Z,Mz),{Z,Mz),i,z) be a (pre-)widening, let ((Z^^, M^ex), (Z, Mz), i^^, ^) 
be the exactification of Z and let X be the ideal Y^qy{Ozo^ — ^ Oz)- For (a, 6) e A, 
let Bafi[Z) be the formal blow-up of Z*"^ with respect to the ideal X" -l-p^'O^ex, let 
'^a,bi^) tie the open sub formal scheme 

and let Ta^b(2^) be T^^(2^)fl, where, for a p-adic formal B-scheme T, we denote by 
Tfl the closed subscheme of T defined by the ideal {x G Ot \ 3n,p'^x = 0}. Let 
Xa,b '■ Tafi{Z) — > Z be the canonical morphism and put Z^ ;, := A~^(Z). Then the 
quadruple 

T^,b{Z) := ((T„,!,(2),Mzex|r^ ^(z)),(Z„,i,,Mz|z^ ^ T„,!,(2:), (Z„,i„ Mz^ ) ^ (Z, Mz) ^ M)) 

is an enlargement for each {a,b) e A. 

Lemma 1.16. Let Tafi{Z) be the enlargement defined above. Then: 

(1) We have X{Ta,b{Z)) < p'^'r 

(2) The enlargements {Ta,}){Z)}(^a,b) forms an inductive system of enlargements 
indexed by A. 

(3) Let us take A e (0, 1] and put A = p^'^ . For T — Z or T = Ta^b{2^), denote 
the sheaf represented by T on ('^/iV)A-conv,T ^t- Then we have hz — 
li^(a,6)6Ar.^T„i,(2:)- {That is, hz is ind-represented by the system {Tafi{Z)}). 

Proof. (1) is obvious by definition. Let us prove (2). Take (a, 6) G A. Then we have 
X" C p^Ot^^^z)- This imphes the inclusions C p^Ot^^^z),^'' Q p''~^Ot^^^^z) 

and C p^^Ot^ ^(^z) {n € ^>i)- Then, by the universality of blow-up, we have the 
canonical mmorphisms 

T'a,b{2^) 2^0+1,6 (-2^), Ta^bi^^) ^o,6-l (-2^) , Ta^b{Z) ^Tna,nb{Z), 

that is, we have T^^bi^) — ^ ^a',6'(^) foi' (o/, b'y^i with (a, b) >->- (a', b'). By composi- 
tion, we obtain the morphisms Ta^ti^^) — ^ ^a',fe'(^) for (^'i ^0'^ with (a, 6) >- {a', b'). 
This morphism defines the structure of inductive system on {Ta,b{Z)} (^a,b)eA indexed 
by A. (Transitivity follows again from the universality of blow-up.) 

Let us prove (3). For an enlargement Z' :— {{Z' ,Mz'),{Z' ,Mz'),i' ,z') with 
\{Z) < A with a morphism of quadruples g : Z' — > Z, there exists (a, b) e A^ 
such that KeT{Oz' Oz'Y — P^^z'- Then, by the universality of blow-up, the 
morphism g factors uniquely as Z' — > Ta^b{Z) — > Z. From this fact, we obtain 
the assertion (3). □ 

We have the following explicit description of Ta,b{Z) when Z^^ is affine: If we put 
A := r(Z<=", O^ex), / := r(Z<=", Ker(0^ax ^ Oz)) and write 7« = (/i, • ■ ■ , /fe), we 
have Ta,b{Z) = Spf where 

(1.1) Aa,b = (A[ti, ■ ■ ■ ,tfc]/(A - /. (1 < ^ < A;)))V(p-torsion). 

(^ denotes the p-adic completion.) Then we have the following, as in [02, 0.2.2]: 
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Lemma 1.17. The image of the homomorphism Q ®z A — > Q ®z A^^b 'is dense in 
p-adic topology. 

Proof. If we put B := {A[ti, - ■ ■ ,tk]/{pHi — /i (1 < i < /i;)))/(p-torsion), the above 
homomorphism factors as Q (g)^ A — <Siz B — > Q ®i Aa,b and the first homomor- 
phism is an isomorphism. Moreover, we have Aa^ = B, where denotes the p-adic 
completion. If x is an element in Q Aa^h, is in Aa^i, for some n. Then, for 
any m eN, there exists some y E B and z G Aa,b such that p'^x = y + p"^~^"-z holds. 
Then we have x = p~'^y + p^z and p~'^y G Q -6 = Q ®z ^- So we are done. □ 

Corollary 1.18. For a {pre-)widining Z and (a, 6) e A, the map hx^^i^z) — ^ hz is 
infective. 

Proof. The proof is same as [02, 0.2.2]. We may assume that Z — Spi A,Tafi{Z) — 
Spf Aa,b as above and it suffices to show that, for any enlargement Z' with Z' = Spf B 
and any two homomorphisms Aa^b — ^ B with the same composition A — > A^^b — 
B are equal. We can check it after applying Q®^ (because B is flat over W), and in 
this case, the claim follows from the separatedness of B with respect to the p-adic 
topology and Lemma 1.17. □ 

We have the following lemmas as in [S3, 2.15, 2.16], [S2, 2.1.25, 2.1.26]. (Since 
we can prove them in the same way by using the explicit description (1.1), we omit 
the proof. ) 

Lemma 1.19. Let Z be a pre-widening and let Z be the associated widening. Then 
we have Ta^^Z) = Ta,b{Z) for any (a, b) G A. 

Lemma 1.20. Let g : {{Z' , Mz'), (Z' , Mz'),i' , z') — ^ ((Z, Mz), {Z, Mz),i, z) be a 
morphism of {pre-) widening s such that {Z,Mz) y<(z,Mz} {Z',Mz') = {Z',Mz') holds 
naturally and that Z' — > Z is fiat. Then g induces the natural isomorphism of 
enlargements Ta,biZ') Ta^Z) Xz Z' . 

The following is a variant of [S2, 2.1.27], [S3, 2.17]. 

Proposition 1.21. Let {X,Mx) — > iy.My) be a morphism in (pLFS/i3). Let 

f:Z,:= {{Z, Mz), {Z, Mz),i, z) Z^ := {{Z, Mz), {Z', Mz'),z', z') 

be a morphism of {pre-) widening s of {X , Mx) / {y , My) such that f is identity on 
Z and {Z,Mz) — > {Z',Mz') is an exact closed immersion. For (a, ft) G A, de- 
note the map of enlargements Ta^b{Zi) — > 5(2^2) induced by f by fi^a,b) o-nd for 
{a,b), {a',b') G A with {a,b) >- {a',b'), denote the transition morphism Ta^b{Zi) — > 
Taifii{Zi) by gi^(^a,b){a',b')- Let 1,1' be the defining ideal of Z,Z' in Z respectively and 
assume that there exists an ideal sheaf J' ofOz with J'^+'^ — satisfying X C X'-\-J. 
Then: 

(1) For any (a,/9) G A with a > m, there exists a morphism of p-adic fine 
log formal B-schemes h(a,f3) '■ Ta-m,f3{Z2) — ^ Ta^i3{Zi), satisfying the fol- 
lowing condition: For any (a, 6), {a, (3) G A with a > m, {a, (3) >- {a,b), the 
composite 

J- a-m,(i\^2) *■ J- a,l3\^l) *■ J-a,b\^l) *■ J- a,b\^2) 
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is equal to g2,{a-m,/3)(a,b) and for any (a, 6), {a, (3) e A with a > m, (a, 6) >- 
{a — m, P), the composite 

rp ( \ •^("''') rji / \ 32,{a,b)(oc-m,0) rp / CT \ ^("•0') rp f \ 

J-aM^i) ^ -'-a,b[^2) ^ J- a-m,f}[^2) ^ J-a,/3[^l) 

is equal to giXa,b)(a,/3) ■ 
(2) Let A G (0, 1] and put A = p"*". Then, for an isocrystal S on ('V/3^)A-conv t 
and any {a, (3) e with a > m, we have the natural isomorphism 

which satisfies the following condition: For any {a, b), {a, (3) e A^ with a > m 
and (q!,/9) {a,b), the composite 

is equal to the homomorphism induced by g2,(a-m,f3){a,b) and for any (a, b), {a, 
(3) G Ar with a > m and (a, b) y {a — m, P), the composite 

(/(a,6) ° S2,(a,6)(a-m,3) ° 'J(c.,/3)) £t„,^(2i) ► (/(a,i>) o 32, (a,6)(c.-m,/3) ) ^T„-m,0(^2) 

is equal to the homomorphism induced by gi,(a,b){a,i3) ■ 

Proof. We may replace Z by Z^^. So we may assume that Zi, Z2 are exact widenings. 

For {a,P) G A with a > m, we have X° C (X' + J")" C X'""™". So, since we 
have X'"~™ c p^O^^ ^^(2-2), we have X" C p^Or^^^ ^^(^Z2)- So, by the universahty of 
blow-up, we have the morphism h(^a,i3)- 

Let us denote the pull-back of Z to T(^a,ii){Zi) by Z(^a,p) and the pull-back of 
Z' to Tf^a-m,p){^2) by Z'^^_^i^y On the other hand, denote the pull-back of Z to 
7'(a-m,/3)(-2^2) by Z(^a-m,i3)- Then we have the diagram of enlargements 

T(a-m,P){22) = (T(a_r„,/3)(Z2), ^ {T(^a-m,f5){22) , Z^a-m,l3)) 

(X(a,/3)(2:i),^(a,/3)) =: 

where j is the morphism of enlargements induced by the identity map on T(^a-m,i3) (^2) • 
Moreover, we have X{T(^a-m,i3){^^)) < p-^/^""") < A, A(T(„,^)(Zi)) < < A by 

definition and A((r(«_„,^)(Z2), < A(T(„,/3)(Zi)) < A by Remark 1.6 (2). 

So we have the isomorphisms 

^{«,/3)-^T(„,^)(2l) ^ -^(T(„_„.^,)(22),^(„-m,;3)) ' f ^T(^-m,0)(Z2) = -^T(„ (^2 ) ' 

Wc define the isomorphism v^(q,,0) by the morphism induced by the above diagram. 
Then it is easy to check that h(^a,i3) and f(a,i3) satisfy the desired properties. □ 

Now we introduce the site Zra, which is a generalization of the site Z introduced 
in [02], [S2], [S3]: 
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Definition 1.22. Let r > 0, let a. be a good sequence in and let Z be a {pre- 

— * 

) widening. Then we define the site Z^^a follows: Objects are the open sets of 
Ta,h{Z) for some (a, h) e a. For open sets U C Ta,b{Z) and V C Ta'^h'{Z) ((a, 6), (a', h') 
e a), Hom^ (f/, V) is the set of morphisms U — > V commutes with the transition 
morphism Ta^b{Z) — > Ta'fi'{Z) when {a,b) >- {a',b') holds and is empty otherwise. 
The coverings are defined by Zariski topology for each object. We define the strucrure 
sheaf O^^^ byO^jU) ■.= V{U,Ojj). 

Definition 1.23. A sheaf of Q ®z O^^ ^-module E is called crystalline if, for any 
transition map ip : Ta^(,(Z) — > Ta'^'^Z), the transition map of sheaves ip~^Ea'^b' — ^ 
Ea,b induces the isomorphism Ot^^^z) ^-^-^Ot (z^) ^~^-^a',b' ^ -E^a,6, where E^^, 
Ea'fii denotes the Zariski sheaf on Ta,biZ),Ta'fi'{Z) induced by E. 

We define the morphism of ringed topoi 7 : Zl^^ — > '^'iw ^"7 7*-^ •= ^112 (a.fe)eaf^a.6* 
Eaf, and ^*{E)\'t^^(^z) '■= ^*ab^- (Here Ea^b is as above and a^.b is the morphism 
Tafi{Z) — > Z.) Then we have the following as in [02, 0.3.7]: 

Proposition 1.24. Let Z be an affine widening, let a be a good sequence in and 
let E be a crystalline sheaf of Q <S)z O^^^-modules. Then we have H'^{Zr^a, E) ~ 
for q > 0. 

Proof. Since the proof is similar to [02, 0.3.7], we only give a sketch of the proof. 
Let us put Z^"" = Spf A, Ta,b{Z) = Spf ((a, 6) e a), a := {(on, ^'n)}neN and 

put An := Aa^,b„,En 1= Ea„fi„ foT simplicity. Then, exactly in the same way as the 
proof of [02, 0.3.7] , we can reduce the proof of the proposition to the following claim: 

claim. Let be a family of finitely generated Q (8)z ^In-modules endowed 

with transition maps ipn '■ Fn+i — > En such that each tpn induces the isomorphism 
An ®A„+i Fn+i ^ F„. Then we have Ri lim{F„}„ = for g > 0. 

We can prove this claim in the same way as [02, 0.3.8]: It suffices to prove lim 
{Fn}n — 0, and to show this, we may assume the existence of lattices L„ C F„ (n e 
N) satisfying ibn{Ln+i) C L„. Since the image of the map ipn is dense by Lemma 
1.17, for any (/„)n £ Ilri-^n) we have ((?„)„ G On-^n and {fn)n G JJp^Ln such that 
fn + 9n = ^(5'n+i) + fn ^olds for any n eN. Then is cohomologous to (/;)„. 

Moreover, if we put hn '■— — J2m=n f'm ^ (the infinite sum converges by definition 
of {fn)n): wc havc f^ + kn — ■0n(^n+i)- So (/^)n is cohomologous to 0. So wc are 
done. □ 

We define the notion of the log tubular neighborhood of radius A, as follows. 

Definition 1.25. Let X e (0,1], A = p~'' and let {Z,Mz) ^ {Z,Mz) be a closed 
immersion of a fine log B-scheme to a fine log form,al B-scheme. {Then we can 
regard {{Z, Mz), {Z, Mz)) as a widening on {B, Mjs)/ {B, Mjs) .) Then we define the 
log tubular neighborhood jZ^^^ of radius A of{Z,Mz) in {Z,Mz) as the rigid an- 
alytic space [j{a,b)eAr'Fa,b{2^)K- We define the specialization map sp :]2'[2^^ — > Z 
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as the union of composites Tafi{Z)K — > Ta^b{Z) — > Z, where the first map is the 
specialization map for Tafi{Z). 

Next, we show the relation between the category of isocrystals and certain cat- 
egories of stratifications and give the definition of the log de Rham complex on 
tubular neighborhood associated to an isocrystal. (This is also a 'A-version' of what 
was shown in [S3, 2.21, 2.22].) Let us consider the situation 

(X,Mx) {V,Mr) 
(1-2) /| 

{y,My) = {y,My), 

where {X,Mx) is an object in (LS/B), / is a morphism in (pLFS/B), i is a closed 
immersion in (pLFS/S) and is a formally log smooth morphism in (pLFS/B). For 

n e N, let {V{n), M-p^n)) be the (n + l)-fold fiber product of {V, M-p) over [y, My), 
let i{n) : (X, Mx) ^ {V{n), M-p^n)) be the closed immersion induced by i and denote 
the pre-widening ((P(n), Mp(„)), (X, Mx), ^(n), id) of {X, Mx) / {y , My) simply by 
V{n). Then we have the system {Ta^6('P(n))}(a,6)gA, the projections 

P.,(a,6) : T„,6(P(1)) ^ T„,,(P) (z = l,2), 

PrjAaA) ■■ Ta,b{V{2)) Ta,b{V{l)) (1 < ^ < J < 3) 

and the diagonal map A(a^5) : Ta,b{'P) — > Ta^biV^l)). For A G (0, 1] with A = p~^ , let 
Str';^((X V/y)^°^) be the category of compatible family of isocoherent sheaves E^^b 
on Ta^bi'P) {{o,, b) e A^) endowed with compatible isomorphisms : p^ {ah)^a,b 

PUa,b)Ea,b satisfying A^„_ft)(e„,6) = id, Pl2,(a,fe)(ea,b) ° P23,(a,b) (£«,&) ^ P*13,ia,b)i^a,b)- 

On the other hand, from the closed immersion i{n), we can form the tubular 
neighbouhood ]X[p^^^ ^ and we have the projections 

P^ ■■M;h,X^]^\^Z (^=1,2), P^r■M;t2),X^]^t;h,X (1<^<J<3) 

and the diagonal map A :]X[J5, — ^]^S(i),a- Let Str';((X ^ V/yy°^) be the cate- 
gory of pairs (E,e), where is a coherent 0,y,ios -module and e is an O,y,iog. -linear 

isomorphism p^E p\E satisfying A*(e) = id, p*i2{'^) °P23(^) — Pi3(^)- Then we 
have the following proposition: 

Proposition 1.26. With the above notation, we have the functorial equivalence of 
categories 

hon.{x/yf°^) ^ str'((A' ^ v/yf°^) ~ str"((A' ^ v/yf''^). 

Proof. We can prove the proposition in the same way as [S2, 2.2.7], once we note 
the following fact: If we have an enlargement Z := {{Z, Mz), {Z, Mz), j, z) with 
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\{Z) < A = p^''' which fits into the commutative diagram 

{Z,Mz) {Z,Mz) 



{X,Mx) iV,Mr), 
there exists (a, b) e such that the map {Z, Mz) — > {V, M-p) factors through 

Let £ be an isocrystal on (-^/3^)A_conv ^^t {E,e) be the associated object 
in Str';(((X ^ V/yy°^). If we denote the first log infinitesimal neighborhood of 
(P, M-p) into (■P(l), M-pm) by {V^, M-pi), then e induces the 0,y,ioe -hnear isomor- 

phism 

ei : 0]^[iog ®o log E — >E ®o 0]x[>-f 
and it induces the log connection 

by V(e) := ei(l ® e) — e 1. Then we have the following lemma (cf.[S3, 2.22]). 
Lemma 1.27. The log connection V above is integrable. 

Proof. The proof is similar to that of [S3, 2.22]: When there exists a chart of the 
log scheme {V, Mp), wc can prove the lemma in the same way as [S2, 1.2.7, 1.2.8]. 
So it suffices to prove that we may work etale locally on V. 

Let {{Ea,b:^a,b)}m be the object in Str';y((X ^ V/yy°^) associated to let 
(Tafii'P)"'' , Mj^^ h{v)"') be the n-th log infinitesimal neighborhood of (Ta^b(P), Mj-^ ^^(p)) 
in (T„,,(P), M;:^^(p)) x^y,My) {T,,m,MT^,m) and let (T,,5(P)", ^^^^^(p).) ^"'(T„,, 
(P)" , Mj.^ i,(-p)"') be the exact closed immersion defined by the ideal {x G Oj.^ ^(p)"' I 
3m, = 0}. (Then, if we denote T,,5(P) := ((r,,fe(P), Mt„_,(p)), (X„,;„Mx„J) as 
enlargement, ((Ta^(,(^)", AfT„ ^(P)"); (-'^o.b, J) is regarded also as an enlargement, 
which we denote by TafiiV^.) Let us consider the morphism of pre-widenings 

(1.3) T,,b{VY T„,b(P) X T,,b{V) V{1). 

If we put X := Ker(OT„ ^ C'x.^J and J := Ker(C>T„,6(P)" ^ ^t^A'P))^ 
J^^+i = 0, {X/JY C p\OT^ ^ip)n/J). Hence, for any > n, we have' 

So, by the universality of blow-up, the morphism ^(P)" — > ^(1) in (1-3) factors 
through Tj<^a,{N-n)b{T^)- If we take N sufficiently large, we have {N — n)b/{Na) > r. 
So, by pulling back the isomorphism eNa,{N-n)b, we obtain the isomorphism 

and e'^ f, i induces the connection 

Va,b : Ea,b > Ea,b ®Ot,_(,(p) ^T,,m/y 
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Then it is easy to see that the compatible family {(E'a 6, Va,6)} induces V) via 
the equivalence 

/ compatible family of \ 
iso coherent sheaves on 



\{Ta,b{V)} (a,b)e Ar J 



(coherent \ 
Oj^jiog -module I 



So it suffices to prove the integrability of (£^a,6) ^a,b) to prove the lemma and we 
may work etale locally on V to check it. So we are done. □ 

By the above lemma, we can define the log de Rham complex 

DR(]x[-V^., .) ■.= io^E^E «o ^...^E ^ . . . ] 

on ]X^p^)^/yK associated to the isocrystal S in standard way. 

Next we give a proof of the log convergent Poincare lemma for relative log con- 
vergent cohomology of radius A. 

Let A G (0, 1], A = and take a good sequence a in A^. Let (X, Mx) be an 
object in (LS/i3), let {X,Mx) — > {y,My) be a morphism in (pLFS/i3) and let Z 
be a widening on {X, Mx)/{y, My). Then we have morphisms of topoi 

U : (X/3^)A-conv,Zar ^ ^Zar) h ■ (-^/3^) A-conv,Zar U ' (^/3^)A-conv,Zar 

as in [S2, pp. 90-91], [S3, §2]. Also, we have a morphism of ringed topoi 

(f>Z ■ (-'^/3^)con^ZarU ^ ^Ze,T 

defined by {(t>z,.E){U) := lim („,,)eA.£^(7;,;.(C/)) = \Ym^,^^)^^E{Ta,^{U)),4>*zE{g : 
T ^ Z):^ g*E(T), and a functor 

^Zr,,^,* • ('^/^)A-conv,Zarl^ ^ ^r,a 

defined by (f)£^_^^E{U) := E{U Ta^b{Z) Z). Then, by the same agrument as 
in [S3, 2.28] and [S2, 2.3.4], we have the following (we omit the proof): 

Proposition 1.28. Let Z be an affine widening andS an isocrystal on (-'^/3^)A-convl-z- 
Then jz,*S is u^-acyclic. 

Remark 1.29. In the course of the proof of Proposition 1.28, we use Proposition 
1.24. 

Now let us consider the situation 

(X,Mx) iV,Mr) 
(1-4) / 

iy,My) = {y,My), 

where {X,Mx) is an object in (LS/i3), / is a morphism in (pLFS/B), i is a closed 
immersion in (pLFS/,B) and gf is a formally log smooth morphism in (pLFS/B). 
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Then V := ((P, Mp), (X, M^), i, id) is a pre-widening of (X, Mx)/(3^, My). Denote 
the associated widening of P by P and, for an isocrystal £ on (X/J^)^,^^^^^, put 

Then we have the following theorem ('radius A version' of [S3, 2.29]): 

Theorem 1.30. Let the notations he as above. Then there exists a canonical struc- 
ture of com,plex on uj^{£) and the adjoint homomorphism £ — > jf Jp£ — ^p{£) 
induces the quasi-isomorphism £ u!p{£). 

Proof. The proof is similar to that of [S3, 2.29]. First, one can check that, for an 
enlargement Z with X{Z) < A, the sheaf u!p{£)z on Zzar induced by cup is given by 

where r := — log^ X, Z x V is the product of Z and V taken in the category of pre- 
widenings, 7r-p^a,b is the canonical map Tafi{Z x V) — > V and Trz,a,b is the canonical 
map Ta^biZ X V) — > Z. To define a canonical structure of a complex on uj*^{£), 
it suffices to construct a canonical, functorial structure of a complex on uj*p{£)z for 
affine enlargements Z := {{Z, Mz), (Z, Mz),i, z) with X{Z) < X. Let {V"^,Mv^) 
be the m-th log infinitesimal neighborhood of (P, Mp) in (P, Mp) ^{y,My) {V, Mp), 
let Pi^rn '■ (V^^M-pm) — >■ (V,M-p) {i — 1,2) be the morphism induced by the i-th 
projection and put :— Pj~^(X), Mxj" := Mx|x|"- Then we have pre-widenings 

((7.-,M^.),(X,Mx)), Vr := iiV^,Mrr.),iXr,Mxrn)), 

and the following diagram of pre-widenings (for i = 1, 2): 

Pi,m 

V V. 

It induces the diagram of pre-widenings 

p^x Z V^x Z 

(1.5) 

Vx Z Vx Z 

for i = 1, 2. Now let us consider the following diagram (i = 1, 2) 

{P,Mv)x^y,My){Z,Mz) ► (P"',Mpm) X(y,„y) (2,M2) "-^ ► {P,Mv)x^y,My){Z,Mz) 

T T T 

A' l' 
(Z,Mz) ► (Xf.Mxm) X(x,Mx) (^.A^z) ^ (Z,Mz), 

where g^, q[ are the morphism induced by the morphism of pre-widenings qi in (1.5) 
and A, A' are the morphisms induced by the diagonal (V.M-p) — > (V^.M-pm). 
Then it is easy to see that the right square and the large rectangle are Cartesian. 
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Hence the left square is also Cartesian. Hence, by Proposition 1.21, (i = 1,2) 
induce the isomorphisms of inductive systems 

(1.6) [TaAV"" X Z)}(,,,)eA. = {Tn{VT X ^)}(a,6)eA.. 

On the other hand, by Lemma 1.20, we see that (i = 1, 2) induce the isomorphisms 
(1.7) 

Ta,,{VT X Z) = Ta,,{V X Z) Xr V"", Ta,b{VT XZ)^V"' X-p Ta,b{V X Z). 

By evaluating £ on {Ta^bi'P x Z)}(^a,b)eArJ we see that S naturally induces a co- 
herent sheaf E on ]Z\^pmy.2;,x— U(a,6)eAr '^a,b{'P X Z)k, and the isomorphisms (1.6), 

(1.7) induce the isomorphisms 



9m : n^yO-pm ®o log E ^ E ®o n^Ov^ (m e N). 

(Here tt^ denotes the functor Coh.{0-p) — > Coh.{0^^^os ) defined as composite 
Coh(Op) — > Coh(Q ® Or) ^ Coh(Op^) — > Coh{0.^.o, ), 

' '-'PxZ,\ 

where the last arrow is the functor induced by the map ]^[px2 a — ^ 'Pk-) Then wc 



flog 

liu liiajj J zj 

can define the map d : E — > E <S)o w '^v^r/y ^i^) ■~ ^i(l <S) e) — e (8) 1, and 
extend it to the diagram 

E^E ®o T^V^V/y ®o Tlv^),/y ^ • • • 

'^vxz,\ ' '■rxz,x 

in standard way. By applying the direct image by the map ttz :]-Z^[pxz a — ^ -^k — 
Z to the above diagram, we obtain the diagram 

u'j.iSU := [u^Sh ^4{su ^4(£)^ ^•••], 

since we have 

by definition. This construction is functorial with respect to affine enlargement Z 
and so it induces the diagram 

^;(£) := [4{S) ^4(£) ^4(£) ^•••]. 

We should prove that the diagram uj'p{8) forms a complex and that the adjoint map 
£ — > jp ^j*^£ = uj^{S) induces the quasi-isomorphism S UplS). We can prove 
this in the same way as [S3, 2.29], once we establish Lemmas 1.31, 1.32 below. So 
we arc done. □ 

We give (a sketch of) the proof of the following two lemmas which is used in the 
above proof (cf. [S3, 2.31, 2.32]): 
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Lemma 1.31. Let {X,Mx) be a fine log B-scheme and assume we are given the 
commutative diagram 

iX,Mx) > {V,Mr) 

(1.8) II f 

{X,Mx) > {Q,Mq), 

where (V, M-p), (Q, Mq) are p-adic fine log formal B-scheme, horizontal arrows are 
closed immersions and f is formally log smooth. Then, Zariski locally on Q, we 
have the isomorphism ]X\^p^-)=]X\^^^^xDl^ for some r (where Dx denotes the open 
disc of radius A) such that the morphism ]X\^p^-)^ — induced by f is identified 
with the first projection jX^^^xD^ — )-]X[g^_^ via this isomorphism. 

Proof. By localizing enough, we have Q^^ —: Spf A, V^^ =: Spf B with B = ^[[xi, • • • , 
Xr]], by [S3, 2.31]. Then one can see easily that ]X^°^^-^]x\^^^xDl holds. □ 

Lemma 1.32. Let Z := Spf Aq be a p-adic affine formal B-scheme and n : Zk x 
— > Zk be the projection. {Here D\ is as in the previous lemma.) Then the 
complex 

(1-9) Sp.O^^ > (Sp O T^)*9rzKXDl/ZK 

is homotopic to zero. 

Proof. The proof is the same as [S3, 2.32]. The crucial point is that, for f{xi,X2, ■ ■ ■ , 

Xr) E T{Zk X ^Zkxd^), the integral / f(xi, ■ ■ ■ ,t, - ■ ■ Xr)dt is again contained 

^ Jo 7 

mT{ZKxDl,Oz^^Di). □ 

^ Let u : (X/3^)trnv,et X^.r be the composite {X/y)l%Z^^,, ^ {X/y)'^^:^^^^,, 
— ^ -^Zar- Then we can prove the following propositions in the same way as [S2, 
2.3.8], [S3, 2.33]: 

Corollary 1.33. Assume that the diagram (1.4) is given and let 8 be an isocrystal 
on (-'^/^)A-conv,ef Then we have the canonical quasi-isomorphism 

Ru.£ ^sp,DR(]X^^yyK,S). 

Proof. We may assume that {{V, M-p), [X, Mx),i, id) is an affine widening. By The- 
orem 1.30, we have the quasi-isomorphism 

Ru^S Ru^uj^{e^S). 

Next, by Proposition 1.28, we have the quasi-isomorphism 

Ru^up{e^£) = Ru^jj,^^{(t)1p{upiy\j,) ® j^e^S) 

So, it suffices to prove the isomorphism 

(1.10) U,uj'p{e,S) = svJ^R{]Xp'jyK,S). 
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We can check that the each component of both hand sides in (1.10) are equal, as 
in [S2, p. 106 hne (—5) - p. 107 line 7]. So it suffices to prove that the differentials 
are compatible. Let V^, V] (i = 1, 2) are as in the proof of Theorem 1.30 and let us 
consider the following diagram: 



Note that the vertical arrows are isomorphisms, and the lower horizontal arrows 
become isomorphic after we take the inverse limit on (a, h) G A^. So all the mor- 
phisms are isomorphic after wc take the inverse limit on (a, h) £ A^. The differential 
on sp^DR(]X[p^/3^x, ^) is, by definition, induced by ^}^{a,b)&Ar of upper hor- 
izontal arrows. On the other hand, ^^(a,b)eJ^r lower horizontal arrows is 
compatible with the isomorphism t:z,*Oi (where tt^, 9i are as in the proof of Theo- 
rem 1.30), which induces the differential on uj^{e^£)z (for any affine enlargement Z 

with \{Z) < A). So the differential on sp^ T)R{]X^^^/yK,S) is compatible with the 
differential on fi*a;^(e*£). So we are done. □ 

We can prove the following corollary in the same way as [S2, 2. 3. 9], [S3, 2.34] (we 
omit the proof). 

Corollary 1.34. Let {X,Mx) be an object in the category (LS/B), let f : {X,Mx) 
— ^ (y, My) be a morphism in (pLFS/B) and let S be an isocrystal on (-^/y)A-lonv 
// we take an embedding system 

{X,Mx) ^ {X^'\Mxi,)) ^ (p(-\Mp(.)), 

we have the isomorphism 

R"" fx/y, x-cony*S = i?-(/ o ^),sp,DR(]X(-) gf.) E). 

Now we would like to compare relative log convergent cohomology of radius A and 
relative log crystalline cohomology. Assume we are given the diagram 

(1.11) {X, Mx) (y. My) ^ {y, My), 

where / is a log smooth morphism in (LS/B), {y, My) is an object in (pLFS/B) and 
L is the exact closed immersion defined by pOy. Denote the canonical PD-structure 

on pOy by 7. 

First we construct a functor from the category of isocrystals on log convergent 
site of radius A to that on log crystaUine site when A is close to 1: 

Proposition 1.35. With the above notation, let d :— max^r^x rk (tu^yy) and Aq := 
p-i/(26ci(p-i)+i) Then, for A G (Aq, 1], we have the canonical functor 

$ : /A-conv((X/3^)l°S) ^ J„ys((X/3^)'°g) 

such that $ sends locally free isocrystals on (-^/3^)Aconv locally free isocrystals on 

{x/y) crys' 
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Proof. The proof is similar to [S3, 2.35], but it is a little more complicated. First, 
let us consider the situation that {X, Mx) admits a closed immersion {X, Mx) ^ 
{V, M-p) into a p-adic fine log formal i3-scheme which is formally log smooth over 
{y,My). Denote the {i + l)-fold fiber product of {V,Mv) over {y,My) by 
M-pi^i-)) and let {V{i)'^^, Mp(j)cx) be the cxactification of the closed immersion [X, Mx) 
^ (P(i),Mp(j)). Let I{i) := Ker(C^^(.) — > Ox), let Bafi{i) be the formal blow-up 
of V{iY'^ with respect to the ideal T{i)"- -\-p^O-po^, let T^^h{i) be the open sub for- 
mal scheme of Ba^bii) defined as the set of points x G Bafi{i) satisfying -|- 
p^O'p{,i))OB^f,{;i),x = P^C^Babii),x ^a,fe(0 be the closed sub formal scheme 

of Ta^h{i) defined by the ideal {x G OT^^(i) \ p'^x = Ofor some n > 0}. On the 
other hand, let D{i) be the ]9-adically completed log PD-envelope of {X,Mx) in 
{V{i), M-p(^i)). Let m — m{X,V) be the minimal integer such that, for i — 0, 1,2, 
KeT{0 •pe^(i) — ^ C>x) is generated locally by p and some other m elements. Then 
there exist canonical diagrams D{i) — > T^ii'i) ^ Tn^i{i) for n=(p — l)m + l and 
i = 0, 1, 2, where the second map is the canonical closed immersion. Since we have 
the canonical equivalences of categories Coh(Q (g) Ot„ ^(j)) = Coh(Q (g) Ot^ ^(j)), we 
can define, by the 'pull-back by D{i) — )• T^ i(i)\ the functor 

/a-co„v((x/3^)'°s) ^ str"((x ^ v/yf''^) HPDi((x ^ v/yf°^) 

if we have A > p-^/" = p-i/({p-i)rn(x,7')+i)_ ^^ieie HPDI((X ^ V/yf°^) is the 
category of HPD-isostratifications defined in [S3, 1-17].) 

Next, let us consider the general situation and take an embedding system 

(1.12) (X, Mx) ^ (XW, M^(.,) i (PW, Mp,.,) 

over (3^, My) such that is a Zariski Ccch hypcrcovcring and that (p(*\ Mpo) = 
cosko^'*^-^^(P'^°\ Mp(o)) holds. Let A^-conv be the category of descent data on /a-codv 
((XW/3^)^°g) (n = 0,1,2) (that is, the category of objects in /A-conv((^^°V^)^°^) 
endowed with isomorphism of glueing in /A-conv((-^*-^V^)'°^) satisfying the cocy- 
cle condition in /A-conv(-^*'^V3^)^°^))- Similarly, let Acrys be the category of descent 
data on /crys((X*^'^Y3^)'°^) = 0,1,2) and let Ahpdi be the category of descent 
data on HPD1((X(") ^ p(")/3^)'°s) (n = 0,1,2). Let m{X^'\V^'^) be the inte- 
ger maxo<i<2m(X«,P«). Then, for A G (p-V({p-i)m(xC),7'C))+i)^ ^^^^ 
diagram 

A A-conv — Ahpdi * — Acrys, 
where A is the functor from the category of isocrystals on log crystalline site to the 
category of HPD-isostratifications defined in [S3, §1]. 

We know that the functor A is fully faithful, and that, if we have 

(1.13) (P(°\M^(o)) x^y^My) {Y,My) = (XW,M;„o)), 

the functor A is an equivalence of categories. (Note that it is possible to take an 
embedding system (1.12) satisfying the condition (1.13).) So, under the condition 
(1.13), we have the functor 

$ : /A-conv((^/3^)^°^) ^ Aeonv ^ AhpdI ^ Ae^ys ^ /crys((^/3')^°^) 
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for A e (^p-i/((p-i)™(^**''^'*')+i)^ 1]. Moreover, under the conditfon (1.13), we can give 
a bound for m(XW, pW): Under (1.13), m(X«,P«) (i = 0,1,2) is the minimal 
number of (local) generators of the closed immersion 

X» ^ (p«(2),Mp„(2))"®z,Fp = ((XW,M;,,o))x(y,M,)---X(r,M,)(X(°\M^TO 

where the fiber product is taken 3{i + l)-times. So m{X^'^\V^'^^) is bounded by 
(3i + 2)d. So we have m{X^*\V^'^) < Sd. Therefore, if we have A > p-V(8d(p-i)+i), 
we have the functor $ : /a-co„v((X/3^)'°s) I,,y,{{X/yy°^). 

In order to prove the well-definedness of we need to make A closer to 1: Assume 
we have another embedding system 

(1.14) {X, Mx) ^ {X'^'\ M^,(.)) ^ {V'^'\ M^,(.)) 
as above (satisfying the analogue of (1.13)) and let us define 

(1.15) (X,Mx) ^ (X"(-\m^„(.)) ^ (P"(-\m^„(.)) 

by 

(X"(*),M^„(.)) := (XW,M^(.)) ^i^xMx) iX'^'\ M^„.,), 

{V"^'\m^„,.,) := (p('),Mp(.)) X(y,M^) (P'(*\m^,(.)). 

Then m{X"^^\T"'^^^) {i = 0, 1, 2) is the minimal number of (local) generators of the 
closed immersion 

where the fiber product is taken 6(i + l)-times. So we haye m{X"^'\V"^'^) < lid. 
Hence, for A e (p-i/(i''''^(p-i)+i)^ 1]^ we have the commutative diagram of functors 

(1.16) 

/A-conv((^/J^)^°^) Aeonv AhpdI Aerys /erys((^/3^)'°^) 

/A-conv((X/3;)'°^) A:;_ ^ A;^,pi,i ^ A" ^ /crys((X/:^^)^°^) 



/a-co„v((X/3^)1°S) ^ A'_ ^ A'hpdi A'^y, /crys((X/3^)l°^), 

where Ap^^^,... are Aconv, ••• for the embedding system (1.14) and A"^^^,... are 
Aconv,... for the embedding system (1.15). Then A, A' are equivalences and A" 
is fully faithful. From this, we see that the functor $ : /A-conv((-'^/3^)^°^) — 
Icrys{{X /yY°^) induced by the top horizontal arrows in (1.16) is isomorphic to 
the functor $' : /A-conv((^/3^)'°'^) — ^ /crys((^/3^)^°^) induced by the bottom hor- 
izontal arrows. We can prove, in the same way, that the isomorphism $ = $' 
we constructed is canonical (in the sense that it satisfies the cocycle condition) 
when wc have A G (p^^/(26cf(p-i)+i)^ x]. (Wc should consider the fiber product of 
three embedding systems.) So the functor $ is canonically defined when we have 
A e (p-V(26d(p-i)+i)^ So the proof is finished. □ 



RELATIVE LOG CONVERGENT COHOMOLOGY II 



23 



Now we prove the comparison theorem between relative log convergent cohomol- 
ogy of radius A and relative log crystalline cohomology. Before the statement of the 
theorem, we introduce some notations. 

Definition 1.36. Let us assume given the diagram as (l-H). Then we define the 
integers a :— a{X) and I :— 1{X, Y, y) as follows: a is the least positive integer such 
that X admits a Zariski covering X = Uj=i Xj by a affine open subschemes. I is the 
least positive integer such that X admits a Zariski covering X — Uj=i by I open 
subschemes, satisfying the following condition (*) : 

(*) There exists an exact closed immersion {Xj,Mxj) ^ {Vj,Mp.) over {y,My) 
such that {Vj, M-p.) is formally log smooth over {y, My) and that {Vj, M-p.) X{y^My) 
(Y, My) = (X, Mx) holds. 

By [Kat, (3.14)], we have l{X,Y,y) < a{X). So they are finite. 

Theorem 1.37. Assume we are given the diagram (1.11) and put 

p-l/(max(26,3;(X,V,y)-l)d(p-l)+l)_ 

Then, for A e (Aq, 1] and £ G /A-conv((-^/3^)'°^)> ife have the quasi-isomorphism 

Rfx/y,conv*£ — Rfx/y,ciys*^{£)- 

Proof. Put I :— l{X,Y,y) and let us take a Zariski covering X — \Jj=iXj and 
an exact closed immersion ij : {Xj,Mxj) ^ (Vj,Mp.) over {y,My) satisfying the 
condition (*) in Definition 1.36. Put J := {1,2,- ■■ ,1} (endowed with usual to- 
tal order). For non-empty subset L C J, let (Xi,Mx^) (resp. (Pl,Mp^)) be 
the fiber product of (Xj, MxJ's (resp. {Vj, Mp.ys) for j E L over {X,Mx) (resp. 
{y,My)) and let : {Xl,Mxl) ^ (Vl^Mp^) be the closed immersion induced 
by i/s {j e L). Then, for m G N, let (X^'"), M^(™)) (resp. {P^"'\ M-p^m))) be the 
disjoint union of {Xl, Mxj^Ys (resp. (Pl,M-p^)'s) for L C J with \L\ = m + 1 
and let i^"^^ : (X^^^M^^m) ^ M-pim)) be the disjoint union of i^'s for 

L C L with \L\ = m + 1. Then (XW,M^(.)) := {{X^"'\ Mx(m))}m<i-i and 
(V^*\M(^,)) :— {{V'^'^\ M-p(m))}m<i-i naturally forms a diagram indexed by the cat- 
egory Ai^i (where is as in the paragraph before Proposition 1.10) and we have 
the diagram 

{X,Mx) ^{X('\Mxi,,) ^ {V^'\M^,„). 

Let us denote the p-adically completed PD-envelope of the closed immersion i^*'> by 
(D(-),M^(.)). 

For A G (p-i/(26a!(p-i)+i)^ have the functor $ : /A-conv(^/3^) — ^ /crys(^/3^) 

by Proposition 1.35. On the other hand, if we define m{X^^\T'^^^) as in the proof 
of Proposition 1.35, it is the minimal number of (local) generators of the closed 
immersion 

XO) ^ {V^^\2), MpO)(2))"®Z,F^ = ((X(°), M^(0))X(y,M,)- • •X(y,M,)(X(°), M^(o)))^^ 
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where the fiber product is taken 3(j + l)-times. So m{X^^\V^^^) is bounded by 
(3j + 2)0?. So if we put n :— {31 — l)d{p — 1) + 1, we have the diagram 

(1.17) D^'\i) T;,(pW(z)) ^ T„,i(p(-)(0) 

(where the notation are as in the proof of Proposition 1.35), and by using this dia- 
gram, we can define the functor h-conviX/y) — ^ hrysiX/y) for A G (p-V(3i-i)<i(p-i)+i 
, 1], which is identical with $ when A G (Aq, 1]. 

By the diagram (1.17), we can define the map of complexes 

(1.18) sp^DRQX^Xkx/y^^) BR{V^'^/y,m) 
as in [S3, §2], which induces the map 

Rfx/y,X-conv*^ ^ Rfx/y,ciys*^{^)- 

(Here DR{V^*yy,^{£)) denotes the log de Rham complex on I>(*) associated to 
$(£^). See [S3, §1].) So it suffices to prove that the map (1.18) is a quasi-isomorphism. 
To see this, first we may replace • by j, and then, we may replace V^^"^ by the open 
subscheme of V'^'^^ which is naturally homeomorphic to X'^^\ because the both hand 
sides are unchanged in derived category. Then we can reduce to the claim in the 
case j — 0, and in this case, both hand sides coincide. So we are done. □ 

As a corollary, we have the following: 

Corollary 1.38. Assume we are given the diagram 

{X,Mx)^{Y,My)^{y,My), 

where f is a proper log smooth integral morphism in (LS/B), {y,My) is an object 
in (pLFS/B) and l is the exact closed immersion defined by the ideal sheaf pOy. 
Then, for A G (Aq, 1] (Aq is as in Theorem 1.37) and a locally free isocrystal £ on 
{X/yy^l^^^, Rfx/y,x-conw*^ is a perfect complex of Q ®i Oy-modules on J^zar, that 
is, it is quasi-isomorphic to a bounded complex of locally free Q (8)z Oy-modules in 
the sense 0/ [S3, 1.9] Zariski locally on y. 

Proof. This is the immediate consequence of Theorem 1.37 and [S3, 1.16]. □ 

Corollary 1.39. Assume we are given a diagram 

(X',Mx') > (Y',My') > (y',My,) 

(1.19) 

{X,Mx) — ^ {Y,My) {y,My), 
where f is proper log smooth integral, l is the exact closed immersion defined by 
the ideal sheaf pOy and the squares are Cartesian. Then, for A G (Aq, 1] (Aq is as 
in Theorem 1.37) and a locally free isocrystal £ on Ix-com!{{X/y f°^) , we have the 
quasi-isomorphism 

Lip*Rfx/y,x -conv* '/y',X-conv*V ^■ 

Proof. This is the immediate consequence of Theorem 1.37 and [S3, 1.19]. □ 
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2. Relative log convergent cohomology of radius A (II) 
Assume we are given a diagram 

(2.1) (X, Mx) {Y, My) ^ {y, My), 

where / is a proper log smooth integral morphism in (LS/B), {y, My) is an object 
in (pLFS/B) and t is a homeomorphic exact closed immersion in (pLFS/B). In 
this section, we prove the coherence and the base change property for relative log 
convergent cohomology of radius A of {X , Mx) / {y , My) when / has log smooth 
parameter ([S3, 3.4], see also Definition 2.6) and A is sufficiently close to 1. The 
strategy of proof is the same as [S3, §3], but we need more subtle argument to know 
for which A the proof works. 

The first proposition we need is the topological invariance of the category of 
isocrystals on relative log convergent site with radius and that of relative log con- 
vergent cohomology with radius. Assume that we are given the diagram 

{X,Mx) {Xi,Mx,) 



(2.2) / 



/i 



{Y,My) {Y,,My,) {y,My), 

where /, /i are morphisms in (LS/B), are homeomorphic exact closed immer- 
sions in (LS/;B), {y,My) is an object in (pLFS/B), ui is a homeomorphic exact 
closed immersion in (pLFS/S) and the square is Cartesian. Put l := ii o <,', 
To := Kcr(i*Cy Oy) and ro := r{Oy,XQ). Then we have, for any A e (0,1], 
the restriction functor 

: /A-conv((^l/3^)'°^) h-coUiX/yf''^) 

and for any A, A' e (0, 1] with A' > A, we have another kind of restriction functors 

h'-coU{X/yy^^) /A-conv((X/3^)'°S), h-coU{X^/y)'^^) /A'-conv((Xi/3;)'°S), 

which we denote by res^'^A- Then we have the following propositions: 

Proposition 2.1. Let the notations he as above. Then, for any A = p"'' e (0,1] 
and X e (p"*-*" ^"'"''o •* \l], there exists a functor 

i* : /A'-conv((^/J^)'°^) h-cony{{X,/yy°^) 

satisfying the following conditions: With A, A' as above, the composite 

h'-cony{{X/yy^^) ^ /A-conv((^l/3^)'°^) ^ /a-cohv ( (^/3^)'°^) 

is equal to resy^^ (^i^d the composite 

/A'-conv((^l/:^)'°^) ^ /A'-conv((^/:^)'°^) ^ /A-conv((^l/:^)'°^) 

is equal to resA',A- 
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Proof. For S e /v-convl and an enlargement Z := {{Z,Mz), {Z,Mz),j,z) 

of {X^,Mx,)/{y,My) with X{Z) < X, put (Z',M^O := (Z, Mz) x^x,,Mx,) {X,Mx) 
and let / : {Z'.Mz') ^ {Z,Mz),z' : {Z',Mz') — ^ (X,Mx) be the morphisms 
naturally induced by j, z. Then Z' := {{Z, Mz), {Z', Mz'),j', z') is an enlargement 
of (X, Mx)/{y, My). If we put I := Ker{Oz ^ Oz) and J := Ker{Oz ^ Oz'), we 
have JT" C X + 2oC^2- So we have 

r(02,:r) > {riOz,I)-'+r{Oz,IoOz)-')-' > {r-' + r,Y\ 

that is, X{Z') < X'. So we can define i^.£{Z) by i^.£{Z) := S{Z'). So we have the 
functor i^, and we can check the required property easily from this definition. □ 

Proposition 2.2. Assume given the diagram (2.2) and assume that fi is log smooth. 
Then, for X e {p^^°, 1] and £ e -^A-conv((-^i/y)^°^); we have the quasi-isomorphism 

/y,X-conv* £ Rf X/y, X-conv J* £■ 

Proof. We may work locally on Xi. So we may assume that there exists an ex- 
act closed immersion {Xi,Mxi) ^ (P, Mp) over {y,My) such that (P, Mp) is 
formally log smooth over (3^, My) and that we have the canonical isomorphism 
(P,Mp) x^y^My) {Yi,My,) = {Xi,Mx-J. Then we have {V,Mp) x^y^My) {Y, My) = 
{X,Mx), and from this, one can see the isomorphisms ]X[p^;^^^]Xi[p^_;^= Vk for 
A e {p~^°, !]• Then one can see easily that the canonical map of complexes 

sp,DRQX,fyyK,£) sp,BR{]XfyyK,e£) 
is an isomorphism. So we are done. □ 

We also have the following invariance property with respect to the radius: 
Proposition 2.3. Let us assume given the diagram 

{X,Mx)^iY,My)^{y,My), 

where f is a log smooth morphism m (LS/i3), {y, My) is an object in (pLFS/B) and 
L is a homeomorphic exact closed immersion in (pLFS/B). Put ro := r{Oy, Ker(t* : 
Oy Oy)) and let us take A, A' e 1] with A' > A. Then, for £ e h'-conv{{X/ 

yy°^), the restriction map 

-conv* in 

is a quasi-isomorphism. 

Proof. We can reduce to the case that there exists an exact closed immersion 
(X, Mx) {V, Mp) over (3^, My) such that (P, Mp) is formally log smooth over 
(3^, My) and that we have the canonical isomorphism {V, M-p) x [y^My] {Y^ My) = 

{X, Mx). Then we have the isomorphism ]X\^p^;^^^]X\^p\,= Vk and the proposition 
follows from this as Proposition 2.2. □ 

Now let us assume that we are given a diagram (2.1) (with ro as above). Then 
we define the rational number r(X, y, y) by 

(2.3) r(X, r, y) := ((max(26, 3a(X) - l)d{p - 1) + 1) + r^Y', 



RELATIVE LOG CONVERGENT COHOMOLOGY II 27 

where d = max^Qxi^^'-^x/Y)- Then, as a consequence of Propositions 2.1, 2.2 and 
2.3, we have the following: 

Corollary 2.4. Assume given the diagram (2.1), put (Yi,MyJ := {y,My) 
Z/pZ and assume that there exists a proper log smooth integral morphism {Xi, MxJ 
{Yi,My,) satisfying (Xi,MxJ X{YuM^^) {Y,My) = {X,Mx). Then, for A e 
^-r{x,Y,y)^ 1] and a locally free isocrystal S on (-'^/3^)A-convj Rfx/y, conv*^ is a perfect 
complex ofQ ®i Oy-modules. 

Proof Denote the exact closed immersion {X, Mx) ^ (-'^i, -^xj by i. Then we have 

i,£ e /A'-conv((^l/J^)'°^), whereA' p-V(log^(A-^)+ro-') > ^-l/(max(26,3a(X)-l)d(p-l)+l) ^ 

and by Propositions 2.1, 2.2 and 2.3, we have the isomorphism 

Rfxi/y ,A'-conv* 

i^£ = Rfx/y,x -conv* 

"i^S — -R/x/y,A'-conv*resA,A'^ — Rfx/y,x -conv*'-' ■ 

So it suffices to see that Rfxi/y,\'-conv*'i*^ is a perfect complex of Q (S>z Oy-modules. 
To see this, let us note the inequality l{Xi, y) < a{X): Indeed, if X = Uj2'* ^^''^ is a 
Zariski covering of X by affine open subschemes and if we denote the open subscheme 
of Xi which is homeomorphic to X^^^ by x[-'\ then Xi — [j'j^i ^i'* is a Zariski 
covering of Xi by affine open subschemes. So we have a{X) > a{Xi) > l(Xi,y). 
Then the perfectness of Rfxi/y,x'-conv*i*^ follows from Corollary 1.38. □ 

Corollary 2.5. Assume we are given a diagram 

(X',Mx') > (Y',My') > (y,My) 

(2.4) 'P 

{X,Mx) > {Y,My) > {y,My), 

where the horizontal lines are as in the diagram (2.1) and the left square is Carte- 
sian. Let {Yi, My^^) '■= {y,My) ®Zp Z/pZ and assume that there exists a proper 
log smooth integral morphism (Xi, M^J — > (l^i, MyJ saisfying (Xi, M^J X(yi,Afyj 
{Y,My) = (X, Mx). Then, for A G {p~^^'^'^'^\l] and a locally free isocrystal 8 on 
I\-conY{{X/yY°^), we have the canonical quasi-isomorphism 

L(p* Rfx/y,X-conv*8 — ^ Rfx' /y ,A-conv* 

Proof. Denote the base change of (Xi, M^J — > (Fi, MyJ ^ {y, My) by (y, My,) 
{y,My) by {X[,MxO {YI,Myi) {y\My,). Then we have l{X[,y') < 
/(Xi, y) < a(X). Noting this, we can reduce the claim to Corollary 1.39 in the same 
way as the proof of Corollary 2.4. □ 

Now let us recall the notion of 'having log smooth parameter', which is defined in 
[S3, 3.4]: 



Definition 2.6. We say that a proper log smooth integral morphism f : (X, Mx) — > 
(F, My) of fine log B-schemes has log smooth parameter in strong sense {over 
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[B,Mb)), if there exists a diagram of fine log formal B -schemes 
{X,Mx) < (X',MxO > {Xo,Mx,) 



(2.5) 



/ 



/' 



fo 



(Y,My) iY',My,) {Yo,My,), 

where two squares are Cartesian, g is strict etale and surjective, fo is proper log 
smooth integral and (Yq, My„) is log smooth over {B,Mb)- We say a proper log 
smooth integral morphism f : {X,Mx) — ^ {Y, My) of fine log B-schemes has log 
smooth parameter if there exists a decomposition X = Yi^Xi into open and closed 
subschemes such that the composite 

(X„MxUJ {X,Mx) ^ {Y,My) 
has log smooth parameter in strong sense for each i. 

Let us assume given the diagram (2.1) such that / has log smooth parameter in 
strong sense and take a diagram (2.5). Let (3^', My) be the fine log formal i3-scheme 
which is strict formally etale over (y,My) satisfying {y',Myi) X(y,My) {Y,My) — 
(Y', My,) and put (F/, My^) := {y' , My,) Fp. Then, by [S3, 3.7], we may assume 
the following condition (★) by replacing Y' by its etale covering if necessary: 

(★): The morphism Y' — >■ Y is affine and there exists a proper log smooth in- 
tegral morphism {X[,Mx'^) {Yl,My,) satisfying {X[,Mx[) ^(YiMy,) O^^My) = 

{X,Mx). 

Now let us prove one of the main results in this section: 

Theorem 2.7. Assume we are given the diagram (2.1) such that f is a proper log 
smooth integral morphism having log sm,ooth parameter. Then, for X E (^p^'^^^'^'^^ 1] 
and a locally free isocrystal E on {X/y fx%om> Rfx/y,x-cony*E is a perfect complex of 
Q ®z Oy -modules. 

Proof. The proof is similar to that in [S3, 3.6] . We may assume that / has log smooth 
parameter in strong sense. Take a diagram (2.5) satisfying the condition (ik) above. 
Let e : {y^*\My(,)) — )■ (y,My) be the strict formally etale Cech hypercovering 
associated to the morphism {y', My,) — > {y, My). We denote the base change of 
the diagram (2.1) by {y^*\My(,)) — ^ {y,My) by 

{X^'\Mxi,)) {Y^'\My„)) ^ {y^*\My„)). 

For n e N, let TT : (J^("), M^m) — > ( , My(o) ) = {y',My,) be one of the pro- 
jections and denote by (x{"\m^(„)) — > {Yi'^\ M^^n)) ^ (:V("),My(„)) the base 
change of the diagram (X(,Mx;) — > {Yl,My,) ^ {y,My) by tt. Then we 
have {xi''\M^(n)) x,^(„) . (y("),My(n)) = (X("), M^^^) for each n. (Note 

1 

that {x["'\ M^(n)), {Y}"'\My(n)) does not form a simplicial log scheme.) Since 
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yW — ,Y is affine, we have a(X(")) < a{X) and so we have r(X("), F^"), > 
r{X,Y,y). So, if we denote the restriction of £ to /A-conv((^^*V3^^*^)^°^) by S^*\ 
/y(»),A-conv*^^"^ is perfect for each n, by Corollary 2.4. 
Next we prove the quasi-isomorphism 

(2-6) Rfx/y,X-cony*£ = -Re*-R/x(.)/y(.),A-conv*^^*^ ■ 

To see this, we can assume that {X, Mx) admits an exact closed immersion (X, Mx) 
^ {V, M-p) to a fine log formal i5-scheme {V, M-p) which is formally log smooth over 
{y^My) and satisfies {V,M-p) X{y,My) {Y, My) = (X.Mx)- In this case, we have 
the strict formally etale Cech hypcrcovering S : {V^'\ Mp(.)) — > {V^M-p) satisfying 
Mp(.)) X(y^My) {Y, My) = {X^'\Mx(.)) slncc we have V^t ^ ^et- K we denote 
the morphism V — > y hy h, we have 

Rfx/y,x -conv* 

(Note that we have ]X^^%= P^, ]^^*^[pf.) since we have A > Using 

this, we can prove the quasi-isomorphism (2.6) in the same way as [S3, 3.6]. 
By (2.6), we have the spectral sequence 

Note that (i?*/x(«)/y(«),A-conv*^^*^)n = ^*/v(")/3^("),A-conv*'^'-"^ IS kuowu to be isoco- 
herent and that they are compatible with respect to n by Corollary 2.5. (Since we 
have r(X("),y("),:y(")) > r{X,Y,y), we can use Corollary 2.5.) So there exists 
(by ctalc descent of isocoherent sheaves) an isocoherent sheaf on y such that 

^Oy Oy(,) = R'fx^ 

•)/y(*),A-conv*^ ^olds. Then we have 
i?^e.i?7x(.)/y(.),A-conv*«^^*^ {s^ 0), (s > 0). 

So we have R'^fx/y,\-coirv*^ — and it is isocoherent. Moreover, Rfx/y,x-conv*^ is 
bounded and it has finite tor-dimension Zariski locally because so does Rfx(o)/y(o), 
x-corw*S^^^ = ^/x(o)/y(o),crys**(^^°^)- Therefore Rfx/y,x-cony*S is a perfect complex of 
Q ®z Oy-modules. ' □ 

Remark 2.8. As in [S3, 3.8], we have the following: With the notation in the proof 
of Theorem 2.7, we have the isomorphism 

R'^fx/y,X-com/*^ ^Oy Oy(n) = -R'/x W ,A-conv*^ • 

Next we prove the base change property, which is the second main result in this 
section. 

Theorem 2.9. Assume we are given a diagram 

{X",Mx") > {Y",My„) > {y\My,) 

(2.7) 

(X,Mx) {Y,My) > {y,My), 
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where the horizontal lines are as in Theorem 2.7 and the left square is Cartesian. 
Then, for A e i] and a locally free isocrystal £ on Ix-convii^/yY"^), we 

have the quasi-isomorphism 

Lip* Rfx/y, conv*£ Rfx"/y",cony*'P*£- 

Proof The proof is the same as [S3, 3.9]. So we only give a sketch. We may 

assume that / has log smooth parameter in strong sense. If we take the diagram 
(2.5) satisfying the condition {-k), we see that it suffices to prove the theorem after 
puUing-back the diagram (2.7) by {y,My) — > {y,My). (We use Remark 2.8 
here.) Then the theorem is reduced to Corollary 2.5. □ 

Recall that a morphism {y', Myi) — > {y, My) in (pLFS/B) is said to be analyti- 
cally flat if the induced functor Coh(Q (8) Oy) — Coh(Q (8) Oy>) is exact. Then, as 
in [S3, 3.10], we have the following result, which is a corollary of Corollary 2.5 and 
Theorem 2.9: 

Corollary 2.10. Assume we are given a diagram in (pLFS/B) 
{X',Mx') > {Y',My') > (y',My,) 

{X,Mx) — ^ {Y,My) ^-^ {y,My), 

where f is a proper log smooth integral morphism, l is a homeomorphic exact closed 
immersion and the left square is Cartesian. Let A e (j)-'^(.^'Y,y) ^ £ he a 

locally free isocrystal on (-^/3^)A-conv Assume one of the conditions (1), (1)' below 

and one of the conditions (2), (2)' helow are true: 

(1) 'p> is analytically flat. 

{!)' R'^fx/y,\-conv*£ is a locally free Q®iOy-module {in the sense o/[S3, 1.9]) for 
any q. 

(2) / has log smooth parameter. 

(2)' // we put (Yi,MyJ := {y,My) Z/pZ, there exists a proper log smooth 
integral morphism (Xi, M^J — >■ (Vi, MyJ satisfying (Xi, M^J ^{Yi,My ) O^i ^y) — 
{X,Mx). 

Then we have the canonical isomorphism 

-conv* '/y ,A-conv* 

ip*£ (g e N). 

In the case where the condition (1) is satisfied, we call the result of Corollary 2.10 
'analytically flat base change theorem'. 

3. Relative log analytic cohomology of radius A 

In this section, first we introduce 'radius A version' of the relative log analytic 
cohomology introduced in [S3, §4]. Then we prove the relation between relative 
log convergent cohomology of radius A and the relative log analytic cohomology of 
radius A for proper log smooth integral morphisms having log smooth parameter 
when A is sufficiently close to 1. This implies the coherence of relative log analytic 
cohomology under the same assumption on A. After that, we prove the existence of 
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a canonical structure of an isocrystal on relative log analytic cohomology of radius 
A. The proofs are again similar to [S3, §4], but we need more subtle argument. 
First we give a definition of relative log analytic cohomology of radius A. 

Definition 3.1. Assume we are given a diagram 

(3.1) (X, Mx) ^ {Y, My) ^ {y, My), 

where f is a morphism in (LS/B) and l is a closed immersion in (pLFS/B). Let 
A G (0, 1] and let 8 he an isocrystal on (-^/3^)A-conv Take an embedding system 

(3.2) {X,Mx) ^ (X(-),M;,(.)) A (p(-),M^,.)), 

letS^*^ he the restriction ofS to {X^'\Mx(.)), Zet DRQXWf f.) jyK,S^*^) be the log 

de Rham complex associated to E^'^ and let h he the morphism ^ — ^'l^fyfA- 

Then we define Rfx/y,x-an*S, R''fx/y,x-a.n*S by 

Rfx/y,x-.n*S := RKDR{]X(-^^;f„ jyK,S^-^), 

R'fx/y,x-.n*£ := i?^/i*DR(]X(-)gf.) ,^/3^^,£(-)) 

and we call R'^ fx/y,x-a.n*£ the q-th relative log analytic cohomology of {X, Mx)/ {y, 
My) of radius A with coefficients. It is a sheaf of 0-,^,iog -modules. 

Remark 3.2. We have the remark similar to [S3, 4.2]: With the above notation, 
put A = p~^. Let {{yafi, My^J}(^a,b)eA be the system of universal enlargements 
of ((3^, My), (y. My), id) and denote the base change of the diagrams (3.1) by 

iya,b, My J {y, My) by 

{X,,,,MxJ^(Y,,,,MyJ A {ya,,,MyJ. 

Then we have ]V'[!^^;^= U(a,b)eA^ 3^a,6,ii: and if we denote the restriction of £ to 
h-cony{{Xa,b/ya,by°^) by £a,b, -R^/x„,6/y,,6,A-an*^^a,& IS nothing but the restriction of 

R'^fx/y,X-a.n*£ to ya,b,K- 

As in [S3, 4.3], we should prove the following proposition: 

Proposition 3.3. Let the notations be as in Definition 3.1. Then the definition of 
the relative log analytic cohomology R'^fx/y,x-axi*£ of radius A is independent of the 
choice of the embedding system. 

The proof of Proposition 3.3 is the same as that of [S3, 4.3], once we establish 
Lemmas 3.4, 3.5 below (which correspond to [S3, 4.4, 4.5]). So we only give a proof 
of the following two key lemmas: 

Lemma 3.4. Let A e (0, 1] and assume we are given the Cartesian diagram 

(XW,M;,(.)) > (^(•),Mp(.)) 

(3.3) 

{X,Mx) (^,Mp), 
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where {X, Mx) is an object in (LS/B), {V, M-p) is an object in (LFS/i3), l is a closed 
immersion and g is a strict formally etale hypercovering. Let gx '^^^'^tpf*) x — ^ 
]X[p^;^ be the morphism induced by g and let £ be a coherent O^-^^iog -module. Then 
we have the isomorphism 

£ — > RgK,*gK^- 

Proof. Let {{Va,b, J}(a,6)eA be the system of universal enlargements of the pre- 
widening ((V, M-p), (X, Mx), t, i) and let 

{xi%M^,,,) . (p2,M^(.)) 

a,b a,o 
9a,b 

{Xa,,,MxJ {Va,l>,MpJ 

be the diagram obtained by applying ^{v,M-p){Va.b, Mp^J to the diagram (3.3). Let 

9a,b,K ■ Pa^K — " Pa,b,K be the map induced by ga,b- Then, if we put r := -log^, A, 
we have 

]^fc= U 'Pa,b,K, \X^X%\>.= U ^Sk, 



{a,b)eAr {a,b)eAr 



9k CPaAK) = 'Pal,K ' 9a,b,K = 9K\p(') 



a,b,K 



So we have {RgK,*gK^)\va,b,K = P9a,b,K,*9*a,b,K{^\pa,b,K) ^) e K and so it 

suffices to prove the isomorphism £\p^i,j^ R9a,b,K,*9*a b K^^lvat k)- This is proven 
in [Ch-T, 7.3.3]. " ' " ^ 

Lemma 3.5. Let A e (0, 1], let {X, Mx) — > {Y, My) ^ {y. My) be as in Definition 
3.1 and assume we are given a commutative diagram over {y,My) 

(X,Mx) {Vi,Mp,) 

(3.4) I 

{X,Mx) {V2,Mr,), 

where {Vj,Mp^) (j = 1,2) is an object in {ph¥'&/B) which is formally log smooth 

over {y,My), Lj {j = 1,2) is a closed immersion and (p is a fornally log smooth 



morphism. Let ']^^v^ x — ^l^fpf a ^ morphism of log tubular neighborhoods 



induced by and let £ be an isocrystal on (^/!y)A-conv Then we have a quasi- 
isomorphism 

mMviM^) Rp>K,.BRi]x\:;ijy,£). 

Proof. The proof of similar to that of [S3, 4.5]. For j = 1, 2, let Vj^ be the exactifi- 
cation of the closed immersion lj. Then it suffices to prove the lemma Zariski locally 
on Vf^. So wc may assume that Vf^ = Spf A is affine, Vf^ = Spf A[[ti, ■ ■ ■ , tr]] for 
some r and the morphism p'^^ : Vf^ — > is induced by the canonical inclusion 

A ^ A[[ti, ■■■ , tr]]. Then we have the isomorphism ]^[pf,A-]^[ftAX^A (where 
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is the r-dimensional open polydisc of radius A) and the morphism ip^ is equal to 
the projection ]X[^l)^xD\ — ^]^[rlx Let be the complex 



[0]x[iog dti—^ ^ C>]x[i°g dti^Adti^^ *C?j^jiog dti A ■ ■ ■ A dtr]. 

^^'^ i = l ^^'■^ l<ii<i2<r ^^'^ ^^'■^ 

Then DR(]X[p^;^/3^i^, £") is equal to the total complex associated to the double 
complex ip*j^DR(]X^^^^^/yK,S) ^log So, to prove the lemma, it suffices to 

prove the quasi-isomorphism 



1-^ 



log 



for a coherent C']x[i°g -module E. This is reduced to showing that the complex 
0,y,iog — > ifiK*^* is homotopic to zero. We can prove it in the same way as the 
proof of Lemma 1.32 (see also [S3, 2.32]). So we are done. □ 

We have the following independence result with respect to radius: 

Proposition 3.6. Assume we are given a diagram 

(3.5) {X, Mx) {Y, My) ^ {y, My), 

where f is a log smooth morphism in (LS/B) and l is a closed immersion in 
(pLFS/B). Let A, A' e (0, 1] with A' > A. Then, for an isocrystal £ on {X/y)^^f'_^^^, 
we have the quasi-isom,orphism 

(-R/x/y,A'-an*^)|]y[^g^ -R/x/y,A-an*reSA',A^- 

Proof. Put A = p-''. For (a, 6) e A^, let 

(3.6) (X,,,, MxJ — (Fa,6, My J (3^^,., My J 

be as in Remark 3.2. To prove the quasi-isomorphism, we may check it on ya,b,K for 
(a, h) e Ar. So, by Remark 3.2, we may replace the diagram (3.5) by the diagram 

(3.6) to prove the proposition: So, if we put ro := r{Oy,Kci{L* : Oy — > Cy)), 
we may assume tq < r. Then we can prove the proposition in the same way as 
Proposition 2.3. □ 

The next theorem establishes the relation of relative log convergent cohomology 
of radius A and relative log analytic cohomology of radius A: 

Theorem 3.7. Assume we are given a diagram 

(3.7) (X, Mx) (y. My) ^ {y, My), 

where f is a proper log smooth integral morphism having log smooth parameter in 
(LS/B) and l is a homeomorphic exact closed immersion in (pLFS/,B). Then, for 
A G (p^''(^'^'^) . 1] . a locally free isocrystal £ on {X/y)^^^^^^ and q > 0, R'^ fx/y,x-a.n*£ 
is a coherent sheaf on ]y\y\= yx one? we have the isomorphism sp^R^fx/y \-an*£ — 
R'^fx/y 
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Proof. We can prove the theorem exactly in the same way as [S3, 4.6], using Theorem 
2.7 and Corollary 2.10. □ 

Next we prove the existence of a structure of an isocrystal on relative log conver- 
gent cohomology with radius. For a proper log smooth integral morphism {X, Mx) 
— > {Y, My) in (LS/B) and n e (0, 1], we define r{X, Y; //) e (0, oo] by 

(3.8) 

r{X,Y;fi) := ((max(26, 3a(X) - l)d{p - 1) + 1) - {log^ 
where d :— max^^x rk (<^x/y)- Then we have the following: 
Theorem 3.8. Assume we are given a diagram 

(X, Mx) {Y, My) ^ {S, Ms), 

where f is a proper log smooth integral morphism having log smooth parameter 
in (LS/B) and g is a morphism in (pLFS/B). Let ix = p~^ G (0,1] and fix 
A e (p''(^'^''^\ 1] . Then, for a locally free isocrystal £ on {X/S)'^^f^^^ and a non- 
negative integer q, there exists a unique isocrystal T on {Y jS^f^^^^^ satisfying the 
following condition: For any pre-widening Z := {{Z, Mz), {Z, Mz),i, z) such that 
z is a strict morphism and that {Z,Mz) is formally log smooth over {S,Ms), the 
restriction of T to Iix-conv{{Z/S)^°^) = Str^((Z ^ Z/Sy°^) is functorially given by 

{{R''fxxYZa,b/Ta,b{2),X-conv*£, ea,b)}{a,b)eAr, whcrC 

{Ta,b{2)}ia,l,) {{{Ta,l>{2), {Za,b, M^„.J)}(a,6) 

is the system of universal enlargement of Z and is the isomorphism 

P2,(a,6)-R/xxyZ„,(,/T„,(,(2),A-conv*^ ^ -R/xxyZ(l),_JT,,6(2(l)),A-conv*^^ 

{Here (Z(l), Af^^)) := (Z, M^) x^sMs) {Z,Mz), 

{r„,,(Z(l))}(„,,) :^ {((r„,,(Z(l)),MT,,(^(i))), (Z(l)„,,,M^(i)^ J)}(„,,) 

is the system of universal enlargements of {{Z[l), Mz{i)), {Z, Mz)) and pi^(^a,b) is 
the morphism {Ta,b{Z{l)), Mt^ ^^^z(i))) — ^ {Ta,b{2) , Mt^ ^^(^z)) induced by the i-th 
projection.) 

Proof. The proof is similar to that of [S3, 4.8]. First let us define T in the case where 
there exists a closed immersion (F, My) ^ {V, Mp) in (pLFS/i3) over (iS, Ms) such 
that {V^M-p) is formally log smooth over {S,Ms). Let (P(i), Mp(i)) (i = 0,1,2) 
be the (?' + l)-fold fiber product of (P, M-p) over (iS, Ms) and denote the canonical 
closed immersion (F, My) ^ ('P(i), M-p(j)) induced by i by L{i). Denote the sys- 
tem of universal enlargements of ((P(i), Mp(j)), (F, My), t(i), id) by {Ta,b{V{i)) '■= 
{{Ta,b{V{i)),MT^^(P(i))), {Za,b{i):Mz^^(i)))}(a,b)&A and denote the pull-back of / by 
(Z„,,(i),Mz„ ,(,))'^ (y,My) by ()^„,^,(^),Mx„,,(,)) (Za,b(i), Mz^^.^i)). Then, 
since the morphism {Zafi{i), Mz^ ^(i)) — > {Y, My) is affine, wc have a{Xa,b{i)) < 
a{X). So, for (a, 6) e A^, we have r{Xa,b{i), Za,bii),Ta,h{V{i))) < r{X,Y;fi). So 
if we put J^a,b{i) ■= -R''/x„,6(i)/T„,6(p(i)),A-conv*^, it is isocoherent and it satisfies the 
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analytically flat base change property. Note first that the transition morphisms 
(T,,fe(P(0)),MT„,,(p(o))) {Ta',b'{rm,MT^,_^,(^p^o))){{a,b) >- {a',b')) are analyt- 
ically flat ([S3, 3.11]). So, by analytically flat base change theorem, the famfly 
{•^o,6(0)}(a,fe)GAr defines a compatible family of isocoherent sheaves on {^^^^(^(O))} 
(a,fe)eA,- Let us note next that the projections {Ta,h{V{i + 1)), Mt„ — > 
{Ta,b{'P{i)), Mt^^^(j>(j,))) are analytically fiat. (This can be shown exactly by the 
same proof as [S3, 3.12].) So, again by analytically flat base change theorem, 
{y-'a,b{^)}(a,b)eAry {•^a,fe(2)}(a,fe)eAr inducc a structure of compatible family of stratifl- 
cation on {J^a,b{'^)}{a,b)eAr- In this way, {J^a,b{i)}(a,b),i induces an object T in Str|^((y 

^P/5)l°g)=Veonv((r/5)l°S). 

Next we define the isocrystal JF in general case. Take an embedding system 

(Y,My) ^ (F(-),My(.))^(p(-),M^(.)) 

such that g is a strict formally etale Cech hypercovering with Y^^'' — > Y affine 
and that {V^^\M^(.)) is the {i + l)-fold fiber product of (p(°), Mp(o)) over {S, Ms). 
Let us denote the pull-back of / by (F»,My(i)) — > (F, My) by (X«,M^w) — > 
{Y'-'^Myd)). Then, since y« — > Y is affine, we have r(XW,y«;/i) < r(X,r,/x). 
Hence, by the construction in the previous paragraph for {Y^'^\ Myii)) ^ (T'^*^ M-p(i)), 
we have G /conv((^*-*V'^)^°^) = 0' 1> 2) and they are compatible thanks to ana- 
lytically fiat base change theorem. So, by etale descent of isocrystals on relative log 
convergent site of radius /i., {^^*-*}i=o,i,2 descents to an isocrystal on (^/»5)J^.|ojj^. 

Note that the isocrystal constructed in the previous paragraph satisfies the 
required condition for Z = {{V^\ M-pn)), {Y^'\ Myd))) {i = 0, 1, 2). By etale descent 
for isocrystals on relative log convergent site of radius this property characterizes 
JF. So we have the uniqueness of 

We can check that the isocrystal satisfies the required property in the same 
way as [S3, 4.8]. So we are done. □ 

As a corollary, we have the existence of a structure of isocrystal on relative log 
analytic cohomology with radius. 

Corollary 3.9. Assume we are given a diagram 

{X,Mx) {Y,My) ^ {S,Ms), 

where f is a proper log smooth integral morphism having log smooth parameter 
in (LS/i?) and g is a morphism in (pLFS/i?). Let fi G (0,1]. Then, for A G 
{p~^^^''^'^\l], a locally free isocrystal £ on (X/S)^^^^^^ and a non-negative integer 
q, there exists a unique isocrystal T on iy/S)^°^^^^^ such that, for any pre-widening 
Z := {{Z, Mz), {Z, Mz),i, z) of {Y, My)/(«S, Ms) such that z is strict and {Z, Mz) 
is formally log smooth over {S, Ms), T induces, via the functor 

Vconv((>^/'5)'°^) Vconv((^/5)'°^) ~ Str;((Z ^ Z/Sf^^), 

an object of the form {R'' fxxYZ/z,n-a.n*£ , e); where e is the canonical isomorphism 

P2R'^fxxYZ/Z,n-a.n*£ ^ -R^/xxyZ/2:(l),M-an*^ ^ Pl-R^/xxyZ/Z 
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{Here {Z(l), Mz(i)) := (Z, Mg) y<{s,Ms) {^i^z) and Pi denotes the i-th projection 



Proof. It is immediate from Theorems 3.8, 3.7 and Proposition 3.6. Detail is left to 



4. Relative log rigid cohomology and its A-restriction 

In this section, first we introduce the notion of relative log rigid cohomology 
of log pairs, which is a log version of relative rigid cohomology. Then we prove 
a relation between relative rigid cohomology and relative log rigid cohomology in 
certain case. We also introduce the notion of A-restriction of relative log rigid 
cohomology for A e (0, 1) and compare it with relative log rigid cohomology. The 
results in this section is used in the next section, where we prove the coherence and 
the overconvergence of relative rigid cohomology in the case where a given morphism 
of pairs admits a nice log structure. 

The treatment of relative log rigid cohomology here is not complete. Here we 
give a part of the theory of relative log rigid cohomology which is related to the 
purpose of this paper. We hope to develop a more general theory of relative log 
rigid cohomology in a future paper. 

From now on, we assume that the log structure Mb on the base log formal scheme 
B is trivial. All the pairs (rcsp. all the triples) (for definition, see [Ch-T, 2.1, 
2.3], [S3, §5]) are assumed to be pairs over {B,B) (resp. triples over {B,B,B)) 
whose structure morphism is separated of finite type and all the morphisms of pairs 
(resp. triples) are assumed to be a separated morphism of finite type over {B, B) 
(resp. {B,B,B)). As for notation on ovcrconvergent isocrystals and relative rigid 
cohomologies, we follow the notation in [S3, §5]. (Note that some notations are 
different from that in [Ch-T].) 

A log pair is a pair of fine log 5-schemes {{X,Mx),{X,My)) endowed with 
a strict open immersion {X, Mx) ^ {X, M^) over B. A log triple is a triple 



((X,Mx),(X,M^),(P,Mp)), where ((X, M^), (X, A%)) is a log pair, (P, Mp) is 



a fine log formal i3-scheme endowed with a closed immersion (X, M-^) * {V, M-p). 
A morphism of log pairs or log triples is defined in natural way. For a log triple 
((X, Mx), (X, il%), (P, Mp)), a strict neighborhood of ]X[p*5 in ]X[p^ is defined to 
be an admissible open subset V such that {V, ]X[p^— ]X[p^} forms an admissible 
covering of ]X[^^. For a sheaf £■ on a strict neighborhood V, we define the sheaf of 
overconvcrgcnt sections jyE by jyE := linif/aj^j^jiog^a^yE', where U runs through 
the strict neighborhoods contained in V and aTs denotes the admissible open im- 
mersion T ^ S. In the case V =]X[p^, we denote jyE by j'^E or jxE, by abuse of 
notation. As in the case without log structures, any coherent j^j^Oj^jiog-niodule has 

the form jyE for some strict neighborhood V and a coherent Oy-module E. (See 
also the paragraph before Proposition 4.11.) 
Now let us assume given a diagram 




-log 

.Z{l),,i 




the reader. 



□ 



(4.1) 



(X,iV%) 



/ 



(Y,My)^{y,My) 
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and a log pair ((X, M^), (X,M^)), where / is a morphism in (LS/B), {y,My) is 
an object in (pLFS/B) and i is a closed immersion. In this situation, we define the 
notion of overconvergent isocrystals on {{X, Mx), {X, M-j^))/{y, My). 
First let us assume that we have a commutative diagram 

^-^ {V,M-p) 

(4.2) /I g 

(J, My) ^-^ {y,My), 

where i is a closed immersion and g is formally log smooth. For n G N, we denote 
by (P(n), Mp(„)) the (n + l)-fold fiber product of (P, Mp) over (3^, My). Then we 
have the projections 

: (i =1,2), p,, : (i < ^ < j < 3) 

and the diagonal A : ]X[p^'^]X[p^-|^-|. Then: 

Definition 4.1. With the above notation, the category P {{{X , X) / y k ,V)^"^) of 
realization of overconvergent isocrystals on ((X, Mx), (-^, M^))/^^ '^^^''^ {"P^M-p) 
is defined to be the category of pairs {E,e), where E is a coherent j"^ O^^o^ -module 

and e is a j^^Oy^^oe -linear isomorphism ptE p\E satisfying A*(e) = id,^?,!^) ° 

1 i-p(i) 

P23(e) =Pi3(£)- {E^e) is called locally free if E is a locally free j'^Ojj^^iog -module. 

We give a slight generalization of the above definition as follows: Assume given a 
commutative diagram 

(X,7l%) ^-^ i^M^) 

(4.3) /I 9 

{Y,My) {y,My), 

where (^, M«p) is (not necessarily p-adic) fine log formal B-scheme, i is a closed 
immersion, and is a morphism in (LFS/B) satisfying the following condition (*): 

(*) Zariski locally on there exists a diagram 

(X,il%) ^-^ (^,M<p) ^ ($,M^) 
(4-4) /| .| ,'| 

(X,My) {y,My) = {y,My), 

where g' is a formally log smooth morphism in (pLFS/B), i' is a morphism in 
(LFS/;B) such that i' o i is again a closed immersion such that i' induces the iso- 
morphism (^^'',M(pex) {^^^,M^^), where denotes the exactification of the 
closed immersion from {X,My)- 

For n e N, we denote by (<P(n), Mq3(„)) the {n + l)-fold fiber product of (<P, Mqj) 
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over {y,My) and we denote M(p(„)ex) the exactification of {X,M-y) ^ 

(<P(n),Mq3(„)). (So we have ^(0)"^ = ^^^.) Let <p(n)"^' be the open sub formal 
scheme of ^(n)^^ which is homeomorphic to X. Then, starting from the admissible 
open immersion ^, we can define the structure sheaf of overcon- 

vergent sections j^O«p(n)™- We also have the projections Pi,Pij and the diagonal A 
between *p(n)'^^'s. Then we have the following generalization of Definition 4.1: 

Definition 4.2. With the above notation, the category P{{{X,X)/yK,'^y°^) of 
realization of overconvergent isocrystals on ((X, Mx), (X, M^))/3^x over M*p) is 
defined to he the category of pairs {E, e), where E is a coherent j^Os:^^^^ -module and e 
is a j^Of:(i{iY^ -linear isomorphism p%E p\E satisfying A* (e) — id,Pi2(^)°P23(^) — 

Note that, in the notation in Definition 4.2, we have the canonical equivalence of 
categories 

/t(((X,X)/3^,^)'°s) ^ /t(((x,X)/3^,r^)i°s). 

Lemma 4.3. With the notation in Defimtion 4-2, the category P{{{X, X)/y, 

satisfies the descent property for formally etale covering o/^. 

Proof. We can prove this lemma in the same way as etale descent of the category of 
overconvergent isocrystals proved in [S3, 5.1]. The detail is left to the reader. □ 

Lemma 4.4. With the notation in Definition 4-i, assume moreover that we are 
given the commutative diagram 

(X,A%) > {Q,Mq) 

(4.5) h 

(X,A%) {V,M-p), 

where the top horizontal arrow is a closed immersion and h is a formally log smooth 
morphism in (pLFS / B) . Then the restriction functor 

h* : i\{{x,x)/y,ry^^) i\{{x,x)/y, Qf^^) 

is an equivalence of categories. 

Proof We may replace (P, Mp), (Q, Mq) by {V^'', Mpex), (Q^^, Mgex) to prove the 
lemma, and we may work Zariski locally on V^^. So we may assume that V^^ — 
Spf ^4 is affine and the map Q^^ — > V^^ is given by the natural morphism Q^^ — 
SpiA[[ti, ■ ■ ■ ,tr]] — ^ Spf A = 7^^^. Let s : V^"^ ^ Q^"" be the map given by the 
closed immersion of Spf A into the origin of Spf • • • ,tr]]- Then we have the 
functor s* : Jt(((X,X)/3^, — > /t((_(X, X)/3^, with s* o h* = id. On 

the other hand, for any (-E,e) G /^(((X, X)/3^, we have the isomorphism 

ifE '■ {h* o s*){E) — > E given by pulling back the isomorphism e : P2E -—>■ p\E 
by {h o s,id)K '■ Qk — ^ V^^{iy^. Since one can check easily the commutativity 
eop*ip^ = p\ipE o {h* o s*)e and the functoriality of with respect to (£", e), we see 
that (/9£;'s induce the isomorphism of functors /i* o s* = id. So h* is an equivalence 
of categories. □ 
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Now, let US go back to the situation (4.1) and let us define the category of over- 
convergent isocrystals on ((X, M^), {X , My)) / {y , My) in general case, that is, the 
case where we do not necessarily have the diagram (4.2). In this case, we have an 
embedding system 



(4.6) {X, M^) ^ (X^'\ Af-(.)) (PW, Mp(. 



over {y, My). Let us put (XW, M^w) := (X, Mx) X(x,m^) (X^*\ M-o). Then, we 
denote by I^{{{X'-*\X^'^)/y,V^*^y°^) the category of descent data with respect to 
7t(((X("),X^''V^>^^"^)^°^) = 0, 1,2). Then we have the following: 

Lemma 4.5. With the above notation, the category P{{{X^'\X^'^)/y,V^''^)^''^) is 
independent of the choice of the embedding system. 

Proof. By standard argument, we are reduced to showing the following claim: As- 
sume we are given the diagram 

(X^-\m_(.)) ^ (P(-\M^(.)) 



(X,Mx) iV,Mr), 

where i^*\ g are as in (4.6), is a formally log smooth morphism in (pLFS/B), i is 
a closed immersion and {V, M-p) is a ]9-adic fine log formal ;B-scheme formally log 
smooth over (y, My). Then the restriction functor 

h* : P{{{x,x)/yK,vy''^) P{{{x^'\x^')/yK,v^'^y°n 

gives an equivalence of categories. (Here P {{{X'-'\ X^'^) /yK,V'-'^y°^) denotes the 

category of descent data with respect to /t(((X("), X^"V3^i^> ^^"^)^°^) = 0, 1,2).) 
We prove this claim. Let (T"^^, Mpox) be the exactification of i and for n G N, let 
ex, (n) ) be the unique fine log formal ,B-schcmc strict formally etale over 

(P-,Mpex) satisfying (X^"\m^(„)) = (X, M^) X(pex,Mpex) (P^^'("), Mpex,(„)). Then, 
by Lemma 4.3, we have the equivalence 

P{{{x,x)/y,vy''^) = /t(((x(*),X^*V3^,^'"'^*^)'°^)- 

(Here l''{{{X^'\X^''^)/y,V^'''^'^y°^) denotes the category of descent data with re- 
spect to P{{{X^''\X^''^)/y, pex,(n)yog) ^ 2, 2).) On the other hand, let (pH-^^, 
M-p{n),s^) be the exactification of i^'^\ Then we have the morphism 

induced by h. Then, it suffices to prove that the restriction functor 

/^(n),* . /t(((X("),X^"V>',^'"'^"Y°^) ^/^(((X^'^^X^^V^^,^^"^'"")'"^) 
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gives an equivalence of categories. Let ((P'^^'W, Mpex,(n)) X{y,My) {V'^'^^'^'^, Mp(n),e^)y'^ 
be the exactification of the closed immersion 

Let 

be the morphism induced by projections and let 

7 : (:p('^)'-,Mp(„),x) ^ ((T'^^'^^^Mpex.w) x^y^My) (p('^)'^^Mp(„),x))^'^ 

be the morphism induced by the graph of h^'^\ Then the restriction functor /i^")'* 
is written as the composite 7* op*. Note now that the fine log formal i3-schemes 

(pcx,(n)^ Mpex,(n)), Af^ 

(n) ,cx ) are obtained Zariski locally as the exactification 
of some p-adic fine log formal ;B-schemes which are formally log smooth over [y, My ) . 
(It is clear in the case of (T'^"^'^'', Mp(„),ex) and in the case {V^^'^'^\ M.pe^,(r,)) , this 
follows from [S2, claim in p. 81].) So the morphisms Pi{i = 1,2) are obtained, via 
taking exactification, from formally log smooth morphisms (projections) between 
p-adic fine log formal i3-schemes which are formally log smooth over {y,My). So, 
by Lemma 4.4, the restriction functors p* {i — 1, 2) are equivalences. On the other 
hand, since 7 is a section of p2, we see that the functors P2 and 7* are the inverse of 
each other. (The proof is the same as the proof in Lemma 4.4.) So the functor 7* 
is also an equivalence. So /i^")'* = 7* o is an equivalence of categories. So we are 
done. □ 

So we can define the category of overconvergent isocrystals as follows: 

Definition 4.6. Let us assume given the diagram (4.1) and take an embedding sys- 
tem (4.6). Then we define the category P {{{X , X) /yy°^) of overconvergent isocrys- 

tals on {{X,Mx),(X,Mj^))/{y. My) by lH{{X .X) / y)'^^) := /t(((XW, X^*V3^, 
p(»)yog^_ (5?/ Lemma 4-5, this is independent of the choice of the embedding system.) 

Let us assume given a diagram (4.1) and a log pair {{X, Mx), {X, M-^)). Assume 
moreover for the moment that we have the commutative diagram (4.2). Then, for an 
object £ := {E,e) in 7t(((x,X)/J^;^)i°s) = 7t(((x,X)/J^K, 7^)^°^), we can naturally 
define the log de Rham complex of the form 



(where ^j^jiog/^^ is the restriction of Q0Lu!p/y G Coh{Q®Op) ^ Coh(Pi^) to ]X[p^) 

on which we denote by DR"f(]X[p73^x, ^). 

In the case where we have the diagram (4.3) (satisfying the condition (*)) instead 
of the diagram (4.2), we also have a similar log de Rham complex on which we 
denote by DR^ (qjf /yK, E) ■ _ 

Now let us assume given the diagram (4.1) and log pairs {{X, Mx), {X , Mj^)), 
{{Y, My) , [Y , My)) satisfying f{X) C Y and an overconvegent isocrystal S on 
{{X,Mx), (X,Mx))/{y,My). Let us take the embedding system (4.6) and denote 
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the morphism ]X^*^ [Jf., — ^]Fg^ by h. Then we define Rf(x,x) /y,iog-rig*^ ' 
log-rig*^ by 

and we call R'' f(x^)/y log-rig*^ relative log rigid cohomology. (It is an 

j^Ojyjiog-module.) Then we have the following: 

Proposition 4.7. The above definition is independent of the choice of the embedding 
system. 

Before the proof of Proposition 4.7, we prove a lemma: 

Lemma 4.8. Let V be a {not necessarily p-adic) affine fine log formal B-scheme 
and let gi, - ■ ■ ,gc be elements of T{V, O-p). For v G p^<^\ let Ui, be the admissible 
open set Ui=i{|5'i| > i^} ofVx- Then, for any affinoid admissible open set W of 
Vk admits an affinoid admissible open covering W — Ui=o ■^'f^c/i that Wi fl Uu is 
affinoid for any v sufficiently close to 1 and for any < i < c. 

Proof. For v e p^<° and 1 < i < c, define Uy^i to be the admissible open set 
{\gi\ > ^A9i\ — \9j\ i^j 7^ 0} of Vk and define U^^o to be the admissible open set 
{\gj\ < ^(Vj)}- Then Vk — [ji=oUu,i is an admissible covering. If we fix z/q G p'^<° 
and put Wi := W n U^o^i, we obtain the admissible covering W = Ui=o by 
affinoid subsets. Moreover, for u > uq, we have Wq H Ui, = and for 1 < i < c, 
WiDUy ~ W f] Ui,^i is affinoid. So we are done. □ 

Proof of Proposition 4-7. The proof is similar to [S3, 4.3] and the case without log 
structures ([Ch-T, 8.3.5], see also [B4, 1.4]). By looking at carefully the proof of 
[S3, 4.3], we see that it suffices to prove the following two claims (cf. [S3, 4.4, 4.5]): 

claim 1. Assume we are given a Cartesian diagram 



(X^*\M-(.)) > (p(«),Mp(.)) 



X 



(4.7) 



9 



(X,7l%) iV,M-p), 



where (X, M-^) is as above, (V,Mp) is an object in (LFS/i3), i is a closed im- 
mersion and g is a strict etale hypercovering. Let gK :]x''*'*[pf.) — ^]-^[p^ be the 
morphism induced by g and let £ be a coherent j^Oj-^jiog-module. Then we have the 
isomorphism 



£ — > RgK,*g*KS. 
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claim 2. 



(4.8) 



Assume we are given a diagram over {y, My) 

(X,M^) {Q,Mq) 



{X, M^) 



t-2 



{V,Mr), 



where {X,My) is as above, {V, M-p), (Q, Mq) are objects in (pLFS/S), ii,<,2 are 
closed immersions and 5' is a formally log smooth morphism. Let qk ']X^q' — ^l-'^fp^ 
be the morphism induced by g. Then we have a quasi-isomorphism 



The proof of claim 1 can be reduced to the case where i is a homeomorphic exact 
closed immersion into a p-adic fine log formal i3-scheme (see the proof of [S3, 4.4]) 
and in this case, the claim is a special case of the etale cohomological descent of 
Chiarellotto-Tsuzuki ([Ch-T, 7.1.2]). 

Let us prove the claim 2. Wc may work Zariski locally on V. Let {Q*^^, Mq^^), [V^^, 
M-pox) be the exactification of 1.1,12, respectively. Since we may work Zariski locally 
on V^^, we may assume that is isomorphic to x and the morphism is 
equal to the projection V]^ x — )• V]^. Let (^i, • • • , tr) be the coordinate of 
and let Q* be the complex 

r 

[Cq- > OQe^dti ^ OQe^dti^ A dti, > > Oge^dtl A ■ ■ ■ A dtr] ■ 

1=1 l<ii<i2<r 

Then DR^(]X[g^/>', £") is equal to the total complex associated to the double com- 
plex g*j^DR}{]X\^p^/y,S) (^OQex So, to prove the lemma, it suffices to prove the 
quasi-isomorphism 

(4.9) E ^ RgKAaxE^Q') 

for any coherent module E. Moreover, to prove the quasi-isomorphism 

(4.9), we can reduce to the case r = 1 by induction. So we may assume r = 1. 
Let ai, CKc e r(P^^, O-pe.) be a lift of generators of Ker(r(X, 0^) ^ T(X - 
X, O-^-x) ^^'^ ^ ^ let Uy be the admissible open subset Ui=i{|ctj| > ^} 

in Vjl- To prove the quasi-isomorphism (4.9), it suffices to check it on sufficiently 
small affinoid admissible open subset of Vj^. So it suffices to check on an affinoid 
admissible open subset W of such that W^, •.— WnUi,\s also affinoid for any v 
sufficiently close to 1, by Lemma 4.8. For \,v & p'^<°, let gK^{W)x,u be the affinoid 
admissible open set < A} n gK^Wy) of gK^W). When ly is sufficiently close 
to 1, is obtained from a coherent O-pg^-module on Wi,, which we denote by E^,. 
Then we have 

r{W,E)=\jia,^,T{W,,E,), 
Rr{g],\W),g*j,E ® Q') = Rlim x^iljm,^,r{g],\W)x,., gKE^ ® n')- 
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So, to prove the quasi-isomorphism (4.9), it suffices to prove the following claim: 



claim 3. Under the above situation, 

(1) The complex 

^ lim ,^ir{W,, EJ) ^ lim lim ,^j:{g^\W)x,u, QkE,) 

S hm^^,\im,^,r(g],\W)x,.,9KE, (g) Q^) ^ 

is exact. 

(2) The map 

lim lim ,^iT{g],' {W)x,u, 9kE,) lim lim ,^,T{g],\W)x,u, QkK^^') 

is an isomorphism. 

To prove claim 3, note first that we have 

oo 
n=0 

where | — | denotes the Banach norm on r(Wj,, E^,), and similar description holds also 

for r{g],\W)x,u,9KEu®^')- Then, E~ o e r{g],\W)x,u, 9kEu) is sent to zero 
by d if and only if a„ = forn > 0, and for any J2'^=q ttntidti G T{gj^^{W)xj^, OkE^^ 
fi'), En=o(«n/(n + l))t?+' is contained in Tig^\W)x',,, g*KE,) for any A' < A. From 
these facts, we see claim 3 (1). Claim 3 (2) can be shown as [B4, Thm 1.4], using 
claim 3 (1). So we are done. □ 

Remcirk 4.9. The final step of the proof of [Ch-T, Prop 8.3.5] is incomplete, because 
claim 3 (2) is omitted in their proof. 

By Proposition 4.7, we see that Rf(^x,x)/y,iog-rig*^^ R'^f{x,x)/y,iog-rig*^ are well- 
defined. 

We introduce another construction of relative log rigid cohomology in log smooth 
case. Assume given the diagram (4.1) and log pairs ((X, Mx), {X, M^)), {(X, My), 
(y. My)) Assume moreover that / is log smooth. Then we have an open covering 
X — [jj^jXj by finite number of affine subschemes and exact closed immersions 
ij : (Xj,Mj^.) := (Xj^MyIxj) ^ {'Pj,M-p.){j e J) into a fine log formal B- 
scheme {Vj, M-p.) formally log smooth over (y, My) such that each Vj is affine and 
{Vj, MpJ X{y,My) {Y, My) = {Xj, Mj^,) holds. For any non-empty subset L C J, let 
(Xl, Mj^J (resp. {Vl, Mp^)) be the fiber product of (X^-, M^.)'s (resp. {Vj, MpJ's) 

for j e L over (X, M^) (resp. (3^, My)), and for m G N, let (X^™\M-(™)) (resp. 
(p(™),Mp(^))) be the disjoint union of (Xl^M^Js (resp. {VL^Mv^ys) for L C J 

with \L\ = m + 1. Note that if m is equal to or greater than \J\ =: N + 1, X^"*'* 
is empty. Now let Aj^ be the category such that the objects are the sets [m] :— 
{0,l,2,---m} with m < N and that Hom^+ ( [m] , [m'] ) is the set of strictly increasing 

maps [m] — >• [m']. Then, if we fix a total order on the set J, (x'"'"'', M— {m))'s 
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and (p(™),Mp(,n))'s (m < A^) naturally form diagrams M-o), (pW, M^o) 

indexed by the category A^. (It is not a truncated simplicial object since it does 
not have degeneracy maps.) Then we have a canonical diagram 

(4.10) (X, il%) ^ (X(-\ M_(.)) ^ (PW, M^(.)) 

over {y, My). Then, for an overconvergent isocrystal S on {{X, Mx), {X, M-x))/(y, 
My), we have the log de Rham complex DR^(]X^'^[^f,)/3^i^, £^). Let us denote the 
morphism — by h. Then we have the following: 

Proposition 4.10. With the above notation, we have the quasi-isomorphism 

RKJ^R\]x^'^t;%,/yK,£) = i?/(x,x)/y,iog-rig*^- 

Proof. For m e N, let (X^'"), M-j^,) (resp. {V^'^\ M~^^^)) be the (m + l)-fold fiber 

product of (X^°\M-(o)) (resp. {V^^\ M-pm)) over (X, M^) (resp. {y,My)). Then 
we have the embedding system 

(X,7l%) ^ (XC),M^(.0 ^ (^W,M^(.)) 

and each (X^™\M-(„o) ^ (p(™\Mp(^)) is contained direct summand in 

(X*^™), Mj^(„)) (P*^™), Mp(^)) in a compatible way with respect to m (indexed 

by A^). So, if we denote the morphism — by h, we have the homo- 

morphism 

^/(x,x)/3^,iog-ng/ = RJi.BR\]X'^'^t^l^/yK,S) Rh^DR\]X^'^t;fjy,n- 

We will prove that it is a quasi-isomorphism. 

Note that the above homorphism gives the homomorpliism 

[{R%DR\]X(^\'^l/yj,,S) ^ R^^%DR\]X^-^t^l/yj,,S)] 

-^[{R%DR^{]x^'^\:;fjy,£) ^ RKDR\]x^'^\:;f„/y,£)] 

of spectral sequences. So it suffices to prove that the homomorphism 

a : R%DR\]X('^t;U/yK,S) R'KDR^(]X^'\%/y,S) 

between the complex of £'*'*-tcrms is a quasi-isomorphism. To prove this, it suffices 
to prove that the homomorphism 

r{u,a) : r{u,R%DR\]x^-^tvU/yK,n) ^ r{u, R'h.DR\]X^'''\^;f„/y,S)) 

is a quasi-isomorphism for any admissible open set U Let Tj be the topo- 

logical space whose underlying set is the set of non-empty subsets of J and whose 
open sets are the sets of the form 0{L) := {L' Q J \ L' ^ L} {% ^ L Q J). Let T be 
the presheaf on Tj given by 

HO{L)) := r{u, R%^ * DRt(]Xi[^f /d;^, S)), 
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(where is the morphism ]Xl[p^ — > 3^^:), and let us denote the open covering 
Tj = U,gjO({j}) by T. Then r{U, RWR\]X^'^f°lJyK,S)) is nothing but the 
Cech complex C\T,T) of T associated to T, V{U,R'K'DR\]X^''^f°%)/y,£)) is 
nothing but the Cech complex consisting of alternating cochains C*{T, T) of T and 
T{U,a) is the canonical homomorphism C*{T,T) — > C {T,!F). It is well-known 
that this homomorphism is a quasi-isomorphism. So we are done. □ 

Next we prove a relation between relative log rigid cohomology and relative rigid 
cohomology in special case. (Part of the content here seems to be essentially ap- 
peared in [S3, §5]. But here we give it in a more systematic, simple way.) 

To do this, first we give a preliminary result concerning coherent modules on rigid 
analytic spaces and overconvergent isocrystals. Let us assume given morphisms 

jx-.X^X, i:{X,Mj^)-^{V,Mr), 

where jx is an open immersion of 5-schemes and i is a closed immersion from a 
fine log S-scheme to a p-adic fine log formal B-scheme such that X C (V^ Mp )triv 
holds. Under this condition, let us first define the category Coh(C]j^[^) as follows: 
An object in this category is a pair [U,E), where f/ is a strict neighborhood of 
]X[p in ]X[-p and E is a coherent Cfj-module. For objects (U,E), {U',E'), the set 
of morphisms is defined by Hom((?7, E), {W, E')) := lirn yHompy {E\v, E'\v)i where 
V runs through the set of strict neighborhoods of in ]X[-p contained in [/ fl C/'. 
By [B3, (2.1.10)], we have the equivalence of categories 

^HO^xi,) ^ Coh(jiOj^[^) 

which is given by (C/, E) i— > j\jE :— \\mvOiv]x[p *^vu^^ where V runs through the 
set of strict neighborhoods of ]X['p in ]X[p contained in U and ccy? denotes the 
admissible open immersion V ^1 . On the other hand, let us define the category 
Coh((9jY[i°g) as follows: An object in this category is a pair {U,E), where ?7 is a 

strict neighborhood of ]X[i^'^=]X[p in ]Ar[p^ and is a coherent (^[/-module. For 
objects {U, E), {W, E'), the set of morphisms is defined by Hom(([/, E), {W, E')) :— 
liniyHomc9y (i?|y, E'\v), where V runs through the set of strict neighborhoods of 

]X[p in contained in [/ fl U' . Then, by the same argument as [B3, (2.1.10)], 

we see the equivalence of categories 

C^KO^xt;-) ^ Coh(jlOj^[^o,). 

Let us denote the morphism ]X[^^ — ^\X[p by </?x- Then we have the following: 

Proposition 4.11. With the above notation, 

(1) The restriction functor Lp*x : Coh(j]f Oj^j^) — > Coh(j]f Oj-^jiog) is an equiva- 
lence of categories. 
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(2) We have Ripx,*'^*xE = E for any E G Coh(j](^(9jY[p)- {Consequently, the 
functor (fx,* sends Co\i{jxOj^^iog) to Coh(j]f Oj^f^) and the resulting functor 

(fix,* ■ Coh(j]^C)j^[^g) — > Coh(j^C)]^[^) 
is the exact functor which is the inverse of the functor (fix)- 

Proof First we prove the assertion (1). To prove it, it suffices to prove tfie restriction 
functor (p*x : Coh.{Op^^^) — Cofi(Cj^jiog) is an equivalence of categories. Let us 
take a Cartesian diagram 

(X^*\m_(.)) ^ (P(-\M^(.)) 

(4.11) 9 

{V,M-p) 

such that (/ is a strict formally etale Cech hypercovering and for each n, i^"^ admits 
a factorization 

where the first map is an exact closed immersion and the second map is formally log 
etale. Put := X Xy^^"\ and let Coh{Ojx(')[^^,^),Coh{0^^^.^iog ^) be the cate- 
gory of descent data with respect to Coh.{0^x(n)\ ) (n = 0, 1, 2), Coh(C,^(„)riog ) {n 
= 0, 1, 2), respectively. 

Then, by [S3, 5.8], the natural map ]X^"'^[pf„) — >]X^"'\p(n) induces an isomor- 
phism between some strict neighborhood of ]X*^")[p(n) in and some strict 
neighborhood of jX^^^f^cn) in ]X^"'\-p(n) (for each n). Therefore, the restriction func- 
tor Coh.{0^x(*)[ (,J — ^ Coh((!?,^(,)riog ) is an equivalence of categories. On the 

> ' '■■pi*) 

other hand, for any family of strict neighborhoods {t/*^"^}n=o,i,2 of l-^'^^^f'P in ]^^'*''[7' 
(resp. there exists a strict neighborhood U of ]X['p in ]X[p (resp. 

such that the pull-back of U in ]X^"^[p(n) (resp. ]X^^^]^°f^)) is contained in C/^") (for 
n = 0, 1, 2). (This follows from the fact that the diagram (4.11) is Cartesian and the 
definition of X^*\) So we can shrink {f/*-"'-'}ra=o,i,2 so that they are the pull-back of 
U. Then the morphism U'^'^ — > U satisfies the following property: For any affinoid 
admissible open set V — Spm (Q®z^) Q U, the morphism V^*^ :— V XuU^*^ — > V 
is induced from a etale Cech covering of Spf A. So, by rigid analytic faifuUy fiat 
descent, the restriction functor Coh(C(;) — > Coh.{Ou{»)) is an equivalence of cate- 
gories. This implies that the restriction functors 

^HO^xiv) C^h(0,^[^og) C^h(Oj^(.)[^og^^) 

are equivalence of categories. Since (/?^ can be factorized as 

C^h(%b) ^ Cdi(0]^(.)[^^,^) ^ C5h(0j^(.)[.g^^) ^ C^h(Oj^[.g) 
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(where each arrows are defined by restriction), we can conclude that it is an equiv- 
alence of categories. 

Next we prove the assertion (2). Let us denote the morphisms ]x'^*^[.p(.) — )• 
]X[p,]X^-^ff.)^]X[jMX^*^gf.)^]X^*^[p(.) by 7r,7rl°^(^;,(.) respectively. First 

we claim that, for a coherent module E on jXf^?, respectively, we 

have Rn^n*E = E , R'k]^^'k^°^'* E = E , Rif xi-) .*V*x(')E = ^ respectively: In the case 
of 71, it follows from [Ch-T, 7.3.1]. In the case of fx('h it follows from [Ch-T, 8.3.5], 
because ]X*'"''[^f„)=]X*'"'^[p,(n) holds and P'*^"'-' — > is isomorphic on a neighbor- 
hood of In the case of 7r^°^, let us denote the system of universal enlargements 
of iiV,MT.), (X,Mx)) by {(r„,6(P),MT,_,(p)), (Xa,b, MxJ)}(^a,b)eA. Then we have 

]X[p^= [jTa,b{'P)K = [J\Xa,b[Tabiv)- So it suffices to check the claim after pulling 
back the diagram (4.11) by {Ta^i,{V) , Mt^ ^(jy)) — ^ (V^M-p), and in this case, the 
claim follows from [Ch-T, 7.3.1] because we do not need to consider the log structure 
(since [Xa^biMj^ J (T^ fe('P), Afj-^ ^^(p)) is now an exact closed immersion). 

By the claim in the previous paragraph, we have the following equality for a 
coherent j^Op^^-module E: 

RVx,.V*xE = i?99x,*i?7ri°%'°S'ViE = RTi,Rifxi'),.Vx(')T'*E = E. 

So we are done. □ 

Next let us assume given a diagram (4.1) and open immersions jx '■ X --^ X^jy '■ 
Y such that f{X) C F, X C (X, M^)triv and Y C {y,My)triy holds. Then 

there exists an embedding system 

(X,A%) ^ (X^*\M-(.)) ^ (pW,Mp(.,) 

such that, if we put := X x^X^*\ C (p('), Mp(.))triv holds. (Hence 

P'^"') is formally smooth over 3^ on a neighborhood of X*^").) Then we have the 

category of overconvergent isocrystals /t((X,X)/3^K) = l\{X^'\x'''^) /yx^V^'^) 
on usual pairs defined in [Ch-T] and the category of overconvergent isocrystals 
7t(((X,X)/:^;^)^°g) = /t(((X('),X^*))/j;^,p(«))iog) on log pairs defined in this sec- 
tion. Let us denote the morphism ]X^*^ [Jf.) — >\X^'^ [pi,) , ]F[5^ — ^]Y[y, ]X^*^ [p^,) — ^ 
]Y[y, ]X^*^[Jf.) — ^]F[5^ by ifx, Vy, h, h^°s, respectively. Then we have the following: 

Proposition 4.12. Under the above assumption, 

(1) The restriction functor 

i^ax,x)/yK) = /t((x<",x<")/j^K,-p<") ^ /t(((^<",X<")/j;jf,pf*>)'°«) = iHiix,x)/yK)""') 

is an equivalence of categories. 

(2) ForS e P{{X,X)/yK) = P{{{X,X)/yKy°s), we have the quasi-isomorph- 
isms 

<f*xDR\]X^Xi.)/yK,S) = DR^i]X^Xf'^/yK,S), 

DR\]x^'\pi.)/yK,s) = ^x,.^R\]x^'^^;f.,/yK,s) = R^x,.GR\]x^'^^;f.,/yK,s). 
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Proof. The assertion (1) follows easily from Proposition 4.11 (1) and the assertion 
(2) follows from Proposition 4.11 (2). □ 

As a corollary of Proposition 4.12, we have the quasi-isomorphism 

= RcpY,.Rh':^DR\]X^'^\^;f„/yK,S) 

= R<PY,*Rf(x,X)/yK,log-r:ig*^- 

So we have the following theorem, which we will use in the following section: 

Theorem 4.13. Let the notations be as above. Then, if the relative log rigid co/io- 
mologies R'^f(^xx)/y \og-rig*^ ^'"'^ coherent jyO-^^os -modules for any q > 0, the relative 
rigid cohomologies R'^f^xx) /y rig*^ ^'"^ coherent jYOyy[y'''^odules for any q>0 and 
we have the isomorphism R'^f^x,x)/y,vig*^ = 'PY,*R''f(x,x)/y,iog-rig*^- 

Next we introduce the notion of A-restriction of relative log rigid cohomology 
and compare it to relative log rigid cohomology. Let us fix A G (0,1), let us as- 
sume given the diagram (4.1) and log pairs ((X, Mx), (X, M^)), {(Y, My), (F, My)) 
satisfying f{X) C Y, and let us assume given an overconvegent isocrystal £ on 
{{X,Mx), (X,My))/!!V- First, assume for the moment that we have the diagram 
(4.2). Then we have the log de Rham complex DR^{]x{°^/yK,S). Then we can 
see the following in the same way as [B3, (2.2.3)]: For any sufficiently small strict 
neighborhood V of in there exists a log de Rham complex DR{V/yK, £) 

consisting of coherent Oy-modules which is compatible with respect to V and sat- 
isfies 

DR^{]xt^yyK,£) ^ljmvav,.BR{V/yK,£), 
where ay is the admissible open immersion V ^]X[p^. Let us put Vx :— Vn]X[p^^, 
let us denote the composite Vx ^ V ^]X[p^ by jv\ and we define the complex 
DRi{]X\^°yyj,,£)hy 

DRi{]Xt°yyK,S) := hmvJvM{^R{V/yK,S)\v,). 

Note that, when we have the diagram (4.3) (satisfying (*)) instead of (4.2), we can 
define the complex DR^(^^/3^i^, £) in the same way. 

Now let us consider the situation where there does not necessarily exist the di- 
agram (4.2). Let us take an embedding system (4.6) and let h be the morphism 

]x'^'^tvf')^W&- Then we have the complex DR\{]X^'^trl)/yK,^) on jX^'^ff.,. 

We define Rf\x,x)/y,iog-rigM^, R'fix,x)/y,iog-rigM^ by 

Rf{x,x)/y,\og-rig,\*^ Rh*^^i{]X \^°f,)/yK, 

^V(X,X)/y,log-rig,A*^ ■= ^''^*DRt^(]X^*^[^f.)/3^x,^^), 

and wc call -R''/(x.x)/3^,iog-rig,A*^ A-restriction of the q-th relative log rigid coho- 
mology. It is a jyCj^jiog-module. Then we have the following: 
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Proposition 4.14. The above definition is independent of the choice of the embed- 
ding system. 

Before the proof, we prove the following lemma: 

Lemma 4.15. Let {{X, Mx), (X, M^), (V, Mp)) be a log triple. Fix A G (0, 1) and 
for a strict neighborhood V o/]X[p^ in ]X\^p^, let us put Vx := Vn]X[p^_^ and let 
us denote the admissible open immersion Vx by jv,x- Then there exists an 

oriented set V consisting of strict neighborhoods of]X^^ in ]X^^^ which is cofinal 
in the set of all the strict neighborhoods such that the functor jv,x* is acyclic for 
coherent Oy -modules for any V & V. 

Proof. Since we may work Zariski locally on V, we may assume it is affine. Let 
us take a generator gi,g2-,-" ^Qc of Ker(r(7', O-p) — > T{X — X^O^^x)) ^"'^ 
V e p^<^ ., let Uy^i (1 < i < c), Vvfi., Uv be the admissible open set Wgi\ > v, \gi\ > 
\9j\ (^i 7^ 0}' {Ifi'il — ^ (^'^)}) Ui=i Ui,^i of respectively. Then, any strict neigh- 

borhood V contains a strict neighborhood V satisfying Vx = Uur\]X[-^\ for some 
u. (Here the assumption A < 1 is crucial.) So, if we define V to be the category 
of strict neighborhoods V satisfying this condition, V is cofinal in the set of all the 
strict neighborhoods. 

Now we prove that, for K G V, the functor jv,x* is acyclic for any coherent 
Cy-module E. Take z/q G p'^<" satisfying Vx = and take u G (0, z/q). 

Let us take any affinoid admissible open set W of ]X[7. If we put W,, := W D 
Uu,i{0 < i < c), then W = Ui=o ^« an admissible covering of W by affinoid 
admissible open sets. Then we have jv}^{Wi) = Wj n Ui,f^^]X^^^^= for i = 
and — W n C/j,(,_jn]X[p\ for i ^ 0. If we take a good sequence a in (where 
r :— — logp A) , the right hand side for i 7^ is the union of the affinoid admissible 
open sets W fl U^^^^i fl Tafi{V)K ((a, &) G a). So it is quasi-Stein. Hence we have 
H'^[iy\{Wi), E) = for any i and g > 0. This implies that the sheaf associated to 
the presheaf W H'i{jy^^{W), E) is zero for g > 0, that is, R'^jv,x*E = for g > 0. 
So we are done. □ 



Proof of Propsition 4- 14- The proof is similar to that of Proposition 4.7. First, we 
are reduced to proving the following claims: 

claim 1. Assume we are given the Cartesian diagram 



{X^'\M^i.^) 



(p(-),Mp(.)) 



(4.12) 



(X,il%) 
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and a log pair {{X,Mx), {X,M-y)), where {V,Mp) is an object in (LFS/i3), t is a 
closed immersion and is a strict etale hypercovering. Let Vq be a strict neighbor- 
hood of ]X\^^^ in and let £■ be a coherent module on Vq. For a strict neighbor- 
hood V contained in Vq, put Vx := V n]X[p^, Ey^x := E\v^ and denote the admissi- 
ble open immersion Vx by jy^x- On the other hand, let Vq*^ 5'~^(Vo) and 
for a strict neighborhood V contained in Vq, put v!;^'^ := g~^{Vx), Eyi,)^^ :— E\y(,) 

and denote the the admissible open immersion V^^*-* ^]X^*^[^f,) by jV(.)^a- Then we 
have the quasi-isomorphism 

hrn yjv.x*Eyx — RgK,*(\i^vjv<-'\x*Ev(*),\)- 

claim 2. Assume we are given a diagram over {y, My) 

(X,M^) {Q,Mq) 

(4.13) 9 

and a log pair ((X, M^), (X, 71%)), where {V, Mp), (Q, Mq) are objects in (pLFS/i3), 
ii,t2 are closed immersions and 51 is a formally log smooth morphism. Let qk '■ 
]X[q^ — ^l-'^fp^ be the morphism induced by g. Then, for an overconvergent isocrys- 
tal S on {{X, Mx), {X, M^))/(3^, My), we have a quasi-isomorphism 

^R\{\X[;^/y,£) RgK,.DR[QX[%^£). 

First we prove claim 1. Because of the quasi-compactness, quasi-separetedness of 
gx (this can be checked after reducing to the case where t is a homeomorphic exact 
closed immersion and it is clear in this case) and Lemma 4.15, we have 

Rqk.* (hni yjv(,) -£^v(») X ) = hmy-R(fi'i^ ° Jv(*),A)*-^y{«),A 

= lini yRjyx*R(QK\y('))*Ev{.)x ■ 

So, if we have 

(4.14) R{gK\y(»))*Ey(,)^x = -^v,a, 
we have 

^j^vRjv,\*^i9K\y('))*Ey(,)^x = ]^vRjv,\*^v,\ = ^iT^v.iv.x*Eyx 
and so we are done. Now note that the morphism gx\y(') '■ Vj^*"^ — > Vx is obtained 

as the pull-back of the morphism — > Vk by Vx V]^ — > Vk- So, for 
any affinoid admissible open set U :— Spm (Q ®z A) C Vx, the morphism U Xy^ 

V^l*'* — > U is equal to the morphism (V''*^ x-p SpiA)^ — (Spf ^4);^. So the quasi- 
isomorphism (4.14) follows from [S3, 3.9]. So we have proved claim 1. 

Next we prove claim 2. It is similar to the proof of claim 2 in the proof of Proposi- 
tion 4.7. Let {Q^"^, MQe^), {V^^, M-p^^) be the exactification of 61, <.2, respectively. Let 
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E he a. coherent sheaf on a strict neighborhood Vq of in ]X[p^= and for a 

strict neighborhood V contained in Vq, put Vx := V n]X\^^^^, Ey^x '■= -^'Iva ^^'^ 
note the admissible open immersion Vx ^ by jV,a- On the other hand, for a strict 

neighborhood V of ]X[q^ contained in put := V n]X[Q% (c/|^^)v",a 

{{gK\g-'L(^Vo))*'^)\vi cind denote the admissible open immersion VI ^ Vf^ by jy^. 
Then, by the same argument as the proof of Proposition 4.7, we may assume that 
V^^ = Spf A is affine, Q^^ = Spf and it suffices to prove the quasi-isomorphism 

(4.15) lim vjvM^ ^ RgK,*{^M v'3v'Mi9KE)v>,\ ® 

for any E as above, where Vt* is the complex [Oqc^ OQc^dti\. Let ai^---ac G 
r(P^^, Cpex) be a lift of generators of Kcr(r(X, O^) T{X - X, and for 

u e p'^<°, let t/,^ be the admissible open subset Ui=i{|Q'i| ^ ^} in To prove 

the quasi-isomorphism (4.15), it suffices to check on an affinoid admissible open 
subset W of V]^ such that Wi, :— W f] U^, is also affinoid for any u sufficiently 
close to 1, by Lemma 4.8. For A' = p~'^^"-,u E p^'^°, let Wy^i, be the admissible 
open set Ta^bi'P^^)K H of W, let gK^iW)x' be the affinoid admissible open set 
{\ti\ < A'}'n Qk^Wx') of gK^{W) and let gK^{W)x',u be the affinoid admissible 
open set {|ti| < A'} gK^{Wx',u) of gK^{W). Then, when A' is fixed, we have 
Wx',1, Q V, g~i^{W)x',i' Q 9ii(y) ^ sufficiently close to 1. In this case, we denote 
the restriction of E, g]^E to Wx',v, gK^{W)x',v by Ex',^, (5'^-B)a',i/, respectively. With 
this notation, we have 

T{W^\mv3vMEv,x) ^\iE^vT{W f\Vx,Ev,x) 

RT{g-^\W),\imv'3v'M{9KE)v'.x®^') 
^R\im^^^-RV{g],\W)^^lmv'R3v'Mi9KE)v',x® 
= i?lim^^i- \\iav'RV{gK\W)^ n V^ {g*KE)v',x ® 
= \Ymv'RV{g-K\W)x n V{, {g*KE)v',x ® fl') 
= ]hn,_^,-Rr{g],\W)x,un]X['°% {glE)x,. ® Q') 
= \jm,_,,-r{g],\W)x,.n]X[%% {g*KE)x,. Q') 
= lim.^i- hmx'^x-'ri9KiW)x',u, {9kE)x',. ® ^')- 
So, to prove the quasi-isomorphism (4.15), it suffices to prove that the complex 
^ \\^x'^x-n^x',u,Ey,,) ^ \\^x'^x-T{g-K\W)x',,, {9kE)x',u) 

^ \mix'^x-T{gK\W)x',^., {gKE)y,u ^^') ^ 

is exact. We can prove this assertion in the same way as the proof of claim 3 in the 
proof of Proposition 4.7. So the proof of the proposition is finished. □ 

Let us go back to the situation where we arc given the diagram (4.1) and log 
pairs ((X,Mx),(X,MY)),((F,My),(F,M37)) satisfying /(X) C Y. Let S be an 
overconvergent isocrystal on {{X, Mx), {X , M-Y))/yK, take the embedding system 
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(4.6) and put (X«,M;,(.)) := (X, Mx) y<(x,M^) (X^*\M-(.)). Then, for A e (0,1), 
we have the canonical map of complexes 

(4.16) BR\]x^'^\^;f,,/yK,s) BRi{]x^'^t;U/yK,s). 

So we obtain the map 

(^■1'^) log-rig*^ ^ -^/(X,X)/y,log-rig,A*^ 

from relative log rigid cohomology to its A-restriction. Then we have the following 
theorem: 

Theorem 4.16. Let the notation be as above and put r := — logj,A. Then, if the 

morphism f : {X, M^) — > (F, My) is log smooth, l is a homeomorphic exact 
closed immersion satisfying r{Oy,KeY{Oy — >• Oy)) > r, the map (4.17) is a quasi- 
isomorphism. 

Proof. It suffices to prove that the map (4.16) is a quasi-isomorphism, and to 

(n) 

prove it, we may replace • by n G N. In this case, we may assume that X is 
affine. Moreover, the both hand sides are unchanged if we change the closed immer- 
sion (X^"\M-(„)) ^ (7'("),Mp(„)) by another closed immersion (X^''-' , M-(„) ) ^ 
(^p'(^\ M^,(n)) such that (7^'^"^ Mp,(„)) is formally log smooth over {y,My). So we 
may assume that the closed immersion (X^"\M-(„)) ^ (p("),Mp(„)) is exact and 
satisfies the isomorphism {V'^'^\ M-p(„)) 

X(j,,Mr) {X,Mx) = (X^"\M-(„)). In this 
case, we have r(Op(n), Ker(Op(„) — > 0—(n))) > r(Oy,Ker(Oy — > Oy)) > f. So we 

have ]X^"^[^f„) ^—\X^^^^°f„y Then it is easy to see that the both hand sides of (4.16) 
(• replaced by n) coincide. So the theorem is proved. □ 

Remcirk 4.17. In the case where all the log structures are trivial and Y — Y — 

Spec k,Y = Spf V (where is a complete discrete valuation ring of mixed charac- 
teristic with residue field A;), Crew defined in [Cr] the notion of rigid cohomology 
of radius A. There is a slight difference between his definition and our definition 
of A-restriction of rigid cohomology which is given here. (This is why we did not 
call our cohomology 'the relative log rigid cohomology of radius A'.) However, these 
cohomologies are related: By Theorem 4.16 and the analogue of it for Crew's coho- 
mology, we can deduce that the both cohomology coincide for A sufficiently close to 
1 (under the assumption Y — Y — Spec k,Y = Spf V) ii f : X — > Y — Spec k is 
smooth. 

5. Relative rigid cohomology (I): log smooth case 

In this section, we give an affirmative answer to Conjecture 0.2 in the case where 
the given situation admits a 'nice' log structure, by using the results in previous 
sections. In [S3] , the coeffcient of the relative rigid cohomology (which is an over- 
convergent isocrystal) is assumed to extend to the boundary logarithmically, but 
here we do not impose such condition on the coefficient. So we prove the conjecture 
under less assumption. 
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The first main tlieorem in this section is the following: 
Theorem 5.1. Assume we are given a diagram 

(5.1) (X, 71%) M (F, My) ^ {y, My), 

where f is a proper log smooth integral morphism in (pLFS/B) having log smooth 
parameter and t is a closed immersion. Assume moreover that we are given open 
immersions jx '■ X X^jy :Y Y satisfying X C (X, MY)triv, Y ^ (3^, My)tm 
and f~^{Y) = X. Then, for a locally free overconvergent isocrystal S on {X, X)/yK, 
the relative rigid cohomology R'^ f(^xlc)/y mg*^ ^ coherent jYOy^y-module for any 
q>0. 

Proof. By Theorem 4.13, it suffices to prove that the relative log rigid cohomology 
-^'^/(v,v)/3;,iog-rig*^ ^ coherent jyOj^jiog-module for any g > 0. Let (F, My) ^ 
(3^®^,Myex) be the exactification of We may assume that 3^'^^ is afiine. Put 
X := Kei^Oyo^ C^y)' Ker((9y — C'y.y) and let us take a lift gi, - ■ ■ ,gc G 

r (3^^^ , Oye. ) of generators of T (F, J) . _ 

Let us take an open covering X — [jjeJ -^j by finite number of affine subschemes 
and exact closed immersions ij : {Xj,Mj^,) :— (Xj^MyIxj) ^ i^j^^Vj) {j £ J) 
into a fine log formal S-scheme {Vj, Mp_.) over (y*^^, Mycx) satisfying {Vj, Mp.) X(yo^, 
Myox)(^5^y) = (^jj^x ) such that each [Vj^M-p^) is formally log smooth over 
iy^"^, Myex) in the sense that {Vj, M-p.) is XOp^-adically complete and that the mor- 
phism 

is log smooth for any n. For any non-empty subset L C J, let {Xl,Mj^^) (resp. 
(Pl,M-p^)) be the fiber product of (Xj,M-j^.ys (resp. {Vj,Mp.ys) for j e L over 

(X,My) (resp. {y,My)) and for m e N, let (X^'^\M-^m)) (resp. {V^'^\ Mp(m))) 
be the disjoint union of (X^, Mj^^)'s (resp. (T'l, M-p^)'s) for L C J with \L\ — 
m + 1. Then M-im))'^ and (p("*), Mp(^))'s {m < N ■.^\J\-l) naturally form 

diagrams {X^*\ M— (.)), {V^*\ Mp(.)) indexed by the category in the paragraph 
before Proposition 4.10 and we have a canonical diagram 

(5.2) (X, M^) ^ (X^'\ M-(.)) ^ (PW, Mp(.)) 
over (3^"^,M3;ex). 

Let {{Ta;b{y), 6(y))}(a,6)eA be the system of universal enlargements of {{y, My), 
(F,My)). Let us tike ^x = p-"/" e p^<o and put (3^^, My J (T„,;.(3^), Mr„,,(y)). 
Let us denote the canonical morphism (3^^, My^) — > (y. My) by </?^. Let us denote 
the base change of the diagram 5.1 by by 

(5.3) {X„ M^^) {Y„ My^) ^ (y,, My^) 
and let us denote the base change of the diagram (5.2) by (p^ by 

(5.4) (X„ M^J ^ (x'-;\ M-(.)) ^ (PW, M^(.)). 
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Pnt_X^ := X Xj^X^,Y^ := Y XyY^ and := X Xj^X^'\ Then ]Fgs= 

11/.]^^^= U^3^M,^ is an admissible covering and we have i?V(x^,X^)/yp,iog-rig*^ = 
iR''f{x,x)/y,iog-rig*^)\y,,K- So it suffices to prove that R''f{x„x,)/y„iog-rig.^ is a co- 
herent jyO^;^ ^-module. 

Let h be the morphism ]X^;^ tU —"W, U = 3^^,^^ and put DRt>) := DRt (iXj*^ fe^ 
/ypi,K, ■ For any sufficiently small strict neighborhood V*^*^ of ]X^*^ [ (.) in ['°f,) 

indexed by A^, we have the log de Rham complex DRy{.) := Y)Yl{y^*^ /yKi£-) com- 
patible with respect to V"*^'^ satisfying DR^'*-*-* = limy(.)jy{.)^^DRy{.). (Here jy(.) 

denotes the admissible open immersion ^]X^'^^%.) For V^'^ as above and for 
A e (0, 1), we put Vi^'^ := V^'^ r\]X^'^ tl^ and put DR^w,;, := DRy(.)| (.). Denote 
the admissible open immersions V^^ ^ V^*^ by denote the composite 

jv('\\- Then, as complexes of sheaves, we have 

DRy(,) = lim Ai^/(.) x^DRv(») X- 

For i/ = e (0, 1), let U„ be the admissible open subset Ui=i{|9'i| > of 3^/^,^ 
and denote the open immersion Ui, ^ yn,K by jY,v Let us denote the inverse image 

of in jX^'^gf.) by C/^') and let us put u['l := C/^') njX^'^gf.) Then, for any 

fixed A G (0,1), the category of strict neighborhoods V^*^ satisfying the condition 

V^^*'* = U^l is cofinal with the category of all the strict neighborhoods. When this 

condition is satisfied, we denote the dc Rham complex DRy(,) by DR^*), and denote 

the morphism vj;^'^ = U^xl — ^ by ^a.i/- 

With the above notation, we have the following diagram: 

Rf{x^,x^)/y^,iog-Tig*^ = RKDR^'^'^ = i?/i*limy(.)jy(.) ,,DRy(.) 

= RK li^ v(*)jv('),* AV(«),A*DRy(.),A 

= Rh^ limy(.) lim Ajy(»),A*DRy(.),A 

^ Rh^R lim a hni x.DRi/(.) x 

= RlimxRK lini v(.).7t/(.),x*DRv(»),a 

= it! lim xRh^ limy(,)Rjy(,)^^J^Ry(,)^^ (Lemma 4.15) 

4^ lim A lim y w R{ho jy(,) ;^) *DRy(.) 
= R lim A ( lira ^RjYM.*Rh\.u*'D'R!\l)- 



By the above diagram, we see that, to prove the theorem, it suffices to prove the 
following claim: 



claim. With the notation above, 

(1) The map ipi is a quasi- isomorphism. 
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(2) The map ^2 is a quasi-isomorphism. 

(3) If we fix A e (p-^'C^'^; V/^) ^ i)^ Rh^^^jy^^^ has bounded and coherent cohomolo- 
gies for v sufficiently close to 1, which are compatible with respect to v. 

(4) lii5^i?jy,^,*i?/iA,z.*DRS;J, is independent of A for A e (p-K^,^; VP) , 1). 

Indeed, let us assume the claim is proved. Then wc have x^)/3;^ log-rig*^ ~ 

li2ii^jy,i/,*-R'^^A,i/*DR-A*!/ (because jy^y is acychc for coherent modules by the proof of 
Lemma 4.15) and so -^^/(x^ log-rig*^ ^ coherent jyC;>;^ ^-module. So, in the 

following, we will prove the above claim. 

First we prove the claim (1). Note that it! lim \Rh^ lini v(.).7"v(.) x^DRv(») \ , which is 
quasi- isomorphic to the target of the map ipi, is nothing but it! lim xRf(^Xy, x )/y log-rig \* 
S. Since we have the canonical quasi-isomorphism 

(X^,X^)/y^,log-rig*^ (X^ log-rig, A*^ 

for A > /i by Theorem 4.16, we have Rlim xRf(x,,x,)/y^,iog-rigM^ = Rf{x,,x,)/y„ 
iog-rig,Ao*^ ioT any fixed Aq G (/i, 1) and it is quasi-isomorphic to Rf(^x^„Xf,)/y^,iog-rig*^ 
via (pi. So claim (1) is proved. 

Next we prove (3). For < n < and i = 0,1,2, let (^^"^(i), Mp(„)^.p be 

the (i + l)-fold fiber product of {Vjp\M^(n)) over {y^,My^). Then the restric- 
tion of S to I^{{X^,X^)/y^) = P{{{X^,xl)/y^y°s) induces a compatible family 
(with respect to n = 0, 1, 2) of modules with stratifications on some strict neighbor- 
hood of ]X^"^)[^(„) in ]X^"^\]^f„y. Precisely speaking, there exist strict neighborhoods 

V^{i){0 < n < 7V,i = 0,1,2) of in ]X^^\-pin,^^ with Pk{V^^\l)) C 

^^"H0),pfei(y(")(2)) C y('*)(l), A(y('*)(0)) C FH(1) (where pk,Pki are projections 

Pki {l<k<l<3) 



and A is the diagonal l-^^^T'^f^fn) — ^]X^i^^ \^°f„) ^^^) which is compatible with respsect to 

n such that the restriction of S to l\{X^j,, X ^) /y^) is induced from the compatible 
family (E^*^"), e*^"''*)o<n<Af, where E^'^'> is a locally free (9y{n)(-Q)-module and e*^") is the 

isomorphism P2-E^(") plE^"^^ on V^"'\l) satisfying A*(e^"')) — id, Pi2(e'-"^)op23(e^"^) 
= p^3(6(")). 

Now let us take A e (p-r{x,Y,Vn) ^ i) and fix it. For u = p-V^ e (0, 1) (e G N), let us 
denote the inverse image of Ui, in ]x|f'' ['°f„) by [/^"^(i). Then, by taking u suffiently 

close to 1, we may assume that the inclusion U^^l{i) := Uj,''\i)n]x'-''\\) . C 

\/(")(i) for aU < n < iV,i = 0, 1,2. Note that the restriction of (S^"), e("))o<n<iv 
to Ux^l{i) induces the log de Rham complex DR^"^ above. 
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Now, for 1 < j < c and v = p~^l^ as above, we put 3^^,yj := Spf ^ iOy^ [t]/ {g^t — 

p)Y,My^^^,. := Myjy^^^,.. Then we have = [j)^iy^,,uj,K- Let us denote the 
canonical morphism {y^i,v,j-,My^^^.) — > [y^,My^) by ipv,j-, let us denote the base 
change of the diagrams (5.3), (5.4) by '4>v,j by 

(5.5) (X,,.,„ M^^ J (F,,.,„ My^ J ^ (3^^,.,, My^^J, 

(5.6) (X^,.,„ ) ^ (X;:;^,^, M-(.) ) ^ (T'Sj, ), 

respectively and let us define 'P^"Jj(i) in the same way as Vj^\i). Then, for < n 
< and i = 0, 1, 2, ]X^uli'l°f") admissible open subset of ]-^!r'*f°f„), and 

we have U^:l{i)n]X^;lJ;U ,.=]X^:U;U So {E^-\ e^) (0 < n < TV) defines 

naturally an object in Str" ( (X^"^ ^- ^ "^^"1! j/3^^,j/j)^°^) which is compatible with 
respect to n, that is, an object (which we denote by £\,i,,j) in /A-conv((-^/i,i/j/3^/i,i/j)^°*^) 
such that the log de Rham complex associated to it is nothing but the complex 

DR-i'lUw ■ ^® denote the morphism ]X^'l^^^Z%) — > y,Ji,v,3,K by hx,v,j, 

we have the isomorphism 

(-R''^A,i/*DRA*!')bM.-J ^ -^*^^.'^J*(^^A*lliT(^ log ) 

Since the morphisms and ipy^j are affine, we have a(X^^,yj) < a(X). So we have 
r(X^,i.j,3^^,^j; 77^) > r(X,y, Hence, by Theorem 3.7, ^Vx^,.,,/y^,.,,A-an*^M,^J 
is a coherent module on ]Y ij.,u,j[y^^ j,^= yfj,,u,j,K- So we have proved the former 
part of claim (3). Moreover, the analytically flat base change implies that the above 
cohomology is compatible with respect to u. So the proof of claim (3) is finished. 

Next we prove claim (4). Take A' > A > r{X,Y; y/Jl). Then, if u is sufficiently 
close to 1, the isocrystal Sy,u,j G -?^A'-conv((-^^,z/,j/3^^,j/,i)'°^) analogous to Sx^^j above 
is defined and f-y w Sx' y j is coherent. In this case, £x v 1 is the restric- 

tion of £-xi,v,j to /A-conv((-^^,j^,i/3^fi,;/,j)^°^) and so we have the canonical isomorphism 
^'/x,,.,,/3;^,.,„A'-a„*^A',.j = ^'/x,,.,,/3;,,.,„A-a„*^A,.j by Propositiou 3.6. So we have 

lira yR^Y^v^^Rhx' .vjy^\) „ = hm vjY.v.*Rhx' .v*^^^\) „ 

= \\m^jY,u,*Rhx,^*DRx!^ = lini ^RjY_^,^RhxM*^R^l. 

So claim (4) is proved. 

Finally we prove claim (2). To prove claim (2), we may compare both hand 
sides before taking i^liniA and we may replace • in the source and the target by 
n e N. Then, we see that the source and the target are unchanged even if we replace 
the closed immersion (xJr^M („)) ^ (P("),M {„)) by another closed immersion 
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(X5f\ M-(„)) ^ M„,(„)) such that (P'Jj'^ M„,{„)) is formally log smooth over 

(3^^, My^): As for the source, it is true because the source is obtained as lini yRjy.u.* 
of the relative log analytic cohomology of radius A (as we saw above) and as for the 
target, it is true because the target is obtained as the A-restriction of the relative log 
rigid cohomology. So we may replace {V^^\M^(n)) so that {Vjp\M^(j,)) X{y^,My^) 

{Yf,,My ) = M-{„)) holds. In this case, commutes with direct limit 

because h : ]X " [^°f„)= "Pi"!- — ^ ^^m.-K" is quasi-compact and quasi-separated. So the 

map is a quasi-isomorphism. So claim (2) is proved. 

Since the claim is proved, the proof of the theorem is finished. □ 

Let us take a triple of the form {S, S, S) and assume we are given a diagram 

(X, ^ (F, My) S 

and open immersions jx '■ X ^ X , jy Y Y with X C (X,M;^)triv,^ Q 
(Y, My )triv and f^^{Y) = X, where / is a proper log smooth integral morphism in 
(LS/B) having log smooth parameter and is a morphism in (LS/B). Let 8 be 
a locally free overconvergent isocrystal on {X, X)/Sk- Then we have the following 
theorem, which is the main result in this section: 

Theorem 5.2. Let the notations be as above. Then there exists a diagram 

where g^^^ is an etale surjective morphism, i'^'^^ is a closed immersion and y'^'^^ is 
formally smooth overS, which satisfies the following: Forq > 0, there exists uniquely 
an overconvergent isocrystal T on (F, such that, for any triple {Z,Z,Z) 

over (y(o),F^°\3^W) {where := Y F^°') satisfying Z = y(o) X-(o) Z with Z 
formally smooth overy, the restriction of !F to I^{{Z, Z)/Sk, 2) is given functorially 
by iR'^f(xxYZ,xx^z)/z,rig*^^^)> where e is given by 

P2-^'/(XxyZ,XXyZ)/2:,rig*^ ~^ -^^/(XxyZ.Xx— Z)/2xs2,rig*^ ^ ?'l-^'^/(XxyZ,Xx— Z)/2:,rig*^- 

{Here pi is the morphism ]Z[zxsZ — ^]Z[z induced by the i-th projection.) 
Proof. Let us take a diagram 

(F,My)/^(F(°\M-(o))^^(y(°),M^,o)) 

such that (7(0) is strict etale surjective, i^^^ is a closed immersion in {pLFS/B), 
{y^^\ My(Q)) is formally log smooth over S and y^'^^ is formally smooth over S. 

For n e N, let (F^"\ M-(„)) (resp. (3^("), My(„))) be the (n + l)-fold fiber product of 
(F'°\ M-(o)) (resp. (3^(°\ Mym)) over (F, My) (resp. S) and denote the pull-back of 
(X, Mj^),X by the morphism (F^"\ M-{„)) — > (F, My) by (X^''^ M-(„) ) , X("), re- 
spectively. Then, by Theorem 5.1, i?'^/^^(„)^^(„)^^^(„)_^.^/ (resp. ^^(^w^x^-Vi^WxsyW, 
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rig* ^) is a coherent jyC:^(n), -module (resp. a coherent jyO—(„) -module). 
Then, by the base change theorem of Tsuzuki ([T3, 2.3.1]), the arrows in the diagram 

(where pi denotes the i-th projection jy*^"-* [y(r,)y.^y{n) — >]Y^^'' [y(n) ) are isomorphisms. 
If we denote the composite of the above arrows by e'^"\ one can see (by using [T3, 
2.3.1] again) that ^^"^ := x*"')/3;(") rig*^' ^^"^-^ "^^fi^®^ overconvergent 

isocrystal on (Y^'^\Y^"'^)/Sk and that ^^"^ is compatible with respect to n. Then, 
by etale descent of overconvergent isocrystals ([S3, 5.1]), we see that {^^"■^}n=o,i,2 
descents to an overconvergent isocrystal JF on (Y, Y)/Sk- 

Next we prove the uniqueness of . Since the triple (rH,r^"\3;W) satisfies 
the condition required for (Z, Z, Z) in the theorem, we see that the image of JF 

in /^((y^"\ F'^"'')/iSi^) should be functorially isomorphic to J^*^"^ in the previous 
paragraph. Then, by [S3, 5.1], we see that this condition characterizes !F uniquely. 

Finally we prove that the overconvergent isocrystal satisfies the required con- 
dition. For a triple (Z, Z, Z) as in the statement of the theorem, let us put M-^ :— 
My\-zi Me '■= My\z- Then the diagram 

(Z, M^) X(y_^_^ (X, M^) (Z, M^) ^ (Z, Mz) 

and the open immersions Z Xy X — * Z Xy X,Z ^ Z are as in the situation 
in Theorem 5.1. So, by Theorem 5.1, i?V(zxyX,Zx-x)/2,rig*^ is a coherent j^O^^^^- 
module. Then, by [T3, 2.3.1] again, we see that the restriction of JF to /^((Z, Z)/Sk) 
is given by (-R^/(xxyZXx— z)/e rig*^' ^) as in the statement of the theorem. Finally, 
the functoriahty of the expression above is proved as the proof of [S3, 4.8]. So we 
are done. □ 

6. Preliminaries on alteration and hypercovering 

In this section, we recall some preliminary facts on alteration proved by de Jong 
([dJ], [dJ2]) and using these, we prove the existence of certain diagram involving 
hypercovering. This diagram turns out to be useful to prove the overconvergence of 
relative rigid cohomology in general case, as is shown in the next section. 

From now on in this paper, we assume that k is perfect and B = Spf W^(A;) {hence 
B — Spec/c). (So all the schemes are A;-schemes separated of finite type and all the 
pairs are pairs separated of finite type over k.) 

First let us recall the notion of pluri nodal fibration, which was introduced in 
[dJ2]: 

Definition 6.1. Let S he a scheme. A pluri nodal fibration of relative dimension 

d over S is a system {Xa ^ Xa-i • • -Xi A = S, {aij}i<i<d,i<j<ni, Zq) 
satisfying the following conditions: 

(1) Each fi : Xi — > Xi^i is a quasi-split semistable curve over Xi^i. 

(2) Zo is a proper closed subset of S. 



RELATIVE LOG CONVERGENT COHOMOLOGY II 



59 



(3) For each i, aij : Xi_i — > < j < Ui) are disjoint sections of fi into 
smooth locus. 

(4) // we define Z, C inductively by := Uj cr^ (-'^i-i) U j~^{Z^, /j+i : 
Xj+i — > Xi is smooth over Xi — Zi. 

Then de Jong proved in [dJ2, Thm 5.9] the following theorem: 

Theorem 6.2. Let f : X — > S be a proper morphism of integral schemes such that 
the generic fiber is geometrically irreducible of dimension d > 1. Then we have a 
commutative diagram 

X ^ X, 
f 

S < S', 

where the horizontal arrows are alterations and g is {a part of a system of) a pluri 
nodal fibration over S' . 

Let 

(6.1) Xa ^ Xd-i ...Xi^Xo^ S', ZiCXi{0<i<d) 

be a part of the data of pluri nodal fibration g appearing in Theorem 6.2. Then, 
by [dJ, Thm 4.1], there exists an alteration : Xq — > Xq such that Xq is regular 
and that ip^^{Zo) is a simple normal crossing divisor in Xq. So, by taking the base 
change by </?, we may assume that, in the diagram (6.1), Xq — S' is regular and Zq is 
a simple normal crossing divisor in Xq without changing the conclusion of Theorem 
6.2. 

Next let us recall the following proposition, which is proved in [dJ, Prop 5.11]: 

Proposition 6.3. Let S be a regular scheme, let D C S be a normal crossing 
divisor and let f : X — > S be a quasi-split semi-stable curve which is smooth over 
S — D. Assume moreover that we are given disjoint sections (7i, • • • , cr„ of f into 
smooth locus. Then there exists a modification X' — > X satisfying the following 

conditions: 

(1) X' is regular and the center of the modification X' — > X is contained in 
non-regular locus of X . 

(2) There exist lifts of sections ai : S — > X' {1 < i < n) of ai such that D' 
'■— V}i^i{S) U f'~^{D) is a normal crossing divisor in X' , where f is the 
composite X' — > X — > S. 

Moreover, by the proof of [dJ, Prop 5.11], one has the following local expression of 

the morphism /' : X' — > S. If we take x G X'{k) and put s := f'{x) G S{k) (where 
k is the algebraic closure of k), the homomorphism /'* : Os,s — Ox,x induced by 
/' has one of the following two form: 
(1) /'* has the form 

kiih: • • • , tn\] > k[[tu ■■■ ,tn,% v]]/{uV - ti). 
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In this case, D has the form Ui=i{^i 
{^, = 0}U{^; = 0}U(UL2{^^ = 0}). 
(2) /'* has the form 



= 0} for some r > 1 and D' has the form 

— >k[[ti,--- ,tn,y]]- 



In this case, D has the form \Jl=i{'ti = 0} for some r > and D' has either the form 
\Jl=i{ti = 0} or the form \Jl=i{ti = 0} U {?/ = 0}. 

Now, given a pluri nodal fibration (6.1) such that Xq is regular and Zq is a normal 
crossing divisor, let us apply the following procedure for i = 1, • • • , o? inductively: 
Apply Proposition 6.3 to the morphism — > Xi_i, the divisor C and 
the sections {(Jij}j to obtain Z'- C Xl — > Xi^i and replace Zii,Xii, {(Ti'j} {i' > i) by 
Zii XI, Xii Xx, X[, {(Jiij X id}, respectively. After applying this procedure, we see 
that, for each i, the morphism Xi — > Xi^i satisfies the conditions in Proposition 
6.3 required for /'. So the morphism Xd Xq and the divisors Zq <Z Xq, Z^ ^ X^ 
have the following local expression: If we take x e Xd{k) and put y :— g{x) e ^o(^), 
the homomorphism g* : Oxo,y — ^ ^Xa,x induced by g has the form 

k[[h,--- ,tn]] 

_ nii 

k[[xij (1 < ^ < r, 1 < j < mi),tr+i, • • •^n,yi, • • • ^Z/dl/dl^^J -U{)-<i< r)) 

for some n, r, / > with r < n, and Zq, Z^ have the form Zq = Ui=i{^i = 0}, 
Zd = ULi(Uf=i{2;«,- = 0})UUti{l/i = 0} (for some /'</). In this case, g-\Zo) C Zd 
corresponds to the subscheme [jl=i{[JY=i{^ ij — 0})- ^o we see that g^^{ZQ) C Xd 
is also a normal crossing divisor. Moreover, if we denote the fine log structure on 
Xq (resp. Xd) defined by Zq (resp. g~^{ZQ)) by Mxq (resp. MxJ, we see from the 
above local expression that the morphism {Xd,Mxj) — > {Xq,Mxo) is proper log 
smooth integral. 

Summing up the above argument, we obtain the following proposition: 

Proposition 6.4. Let f : X — > S be a proper morphism of integral schemes such 
that the generic fiber is geometrically irreducible of dimension d>l. Then we have 
the commutative diagram 



(6.2) / 

S < Xo 

and an open subset Uq C Xq such that the horizontal arrows are alterations, Zq :— 
Xq — Uq, Zd '■— Xd — g~^{Uo) are normal crossing divisors of regular schemes Xq, Xd 

respectively and that, if we denote the log structure on Xq {resp. Xd) defined by Zq 
{resp. Zd) by Mxq {resp. Mx^), the morphism {XdjMx^) — > {Xq,Mxo) is proper 
log smooth integral. 
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Remark 6.5. Proposition 6.4 is true even for d = 0: Indeed, in the case d = 0, f 
is birational. So, if we take an alteration Xq — > X with Xq regular and if we put 
Xa :— Xq, g :— id, Uq :— Xq, we have the diagram (6.2). 

Remark 6.6. It is stated (without proofs) in [A-Kar] that the statement of Propo- 
sition 6.4 is shown in [dJ], but it seems that we need results in [dJ2]. We included 
the indication of the proof of the above proposition just because we could not find a 
proposition which states directly the content of the above proposition in the paper 
[dJ2]. 

In the rest of this section, we prove, for a given proper morphism of schemes 
X — > Y, the existence of certain diagram involving hypercovering by 'nice' schemes, 
by using Proposition 6.4. To this end, first we introduce some notions on morphism 
of pairs and schemes and prove an elementary lemma. Recall ([Ch-T, 2.3.3]) that a 
morphism of pairs / : {Ux, X) — > {Uy, Y) is called strict if wc have /^^(Uy) = Ux- 
We introduce the following terminology for certain covering of pairs (cf . [T5] ) : 

Definition 6.7. A morphism of pairs f : {Ux,X) — > {Uy,Y) is called a proper 

covering if f is strict, f : X — > Y is proper and f : Ux — ^ Uy is proper surjective. 
Moreover, if f : X — > Y is also surjective, f is called a strongly proper covering. A 
hypercovering with respect to proper coverings is called a proper hypercovering. We 
can also define the notion of n-truncated proper hyperconvering in the same way. 

We also introduce the notion of a good proper surjective morphism and a good 
strongly proper covering as follows. 

Definition 6.8. A proper surjective morphism of schemes f : X — > Y is called 
good if f can be written as a composite of finite number of the morphisms of the 
following forms: 

(1) The morphism U"^^ Y^ — > Y^^d — ^ Y induced by the canonical inclusions, 
where Fred = UILi ^■^ ^^e decomposition of l^ed into connected components. 

(2) The morphism UiLi fi '■ I17=i -^i — U^Li where each fi : Xi — > Yi is an 
alteration [between integral schemes). 

A strongly proper covering f : {Ux, X) — > {Uy, Y) is called good if f : X — > Y is 
good. 

Note that a good proper surjective morphism / : X — > Y of integral schemes is 
necessarily an alteration. It is easy to see that a good proper surjective morphism 
/ : X — > Y has the following properties: 

(1) If Z C X is a closed subset such that X — Z C X is dense, f{Z) C X is also 
a closed subset such that Y — f (Z) C Y is dense. 

(2) liU C y is an open dense subset, so is f^^{U) C X. 

Lemma 6.9. Let f : X — > Y be a proper morphism of schemes and let U CY be 
a dense open subscheme. Then we have the diagram consisting of strict morphism 
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of pairs 

{Ux,X) {Ux',X') 
(6.3) /I /' 

{Uy,Y) ^ (Uy,,Y') 

with {Uy'X) = ]l]=i{UYi,Y;), {Ux',X') = U5=i(U:ii(t/x^,^i.)) {decomposition 
into connected components with f'{Xj^) C Yj) satisfying the following conditions: 

(1) Uy is contained in U and dense in Y. 

(2) Xj. 's, Yj 's are integral. 

(3) The map Qx '■ {Ux',X') — > {Ux Xuy Uy.X Xy Y') induced by {gx, f) is a 
proper covering and the map gy is a good strongly proper covering. 

(4) For each i,j, the generic fiber of /'Uj. '■ — ^ is non-empty and 
geometrically irreducible. {Attention: It is possible that rj — holds for 
some j.) 

Proof. First let Fred = lfj=i be the decomposition of y^ed into irreducible compo- 
nents and let fj : Xj — > Yj be the base change of / by 1} ^ Fred ^ Y . Then each 
Yj is integral. Let rjj be the generic point of Yj and Let X^^. be the generic fiber of fj. 
Then, there exists a finite map rj'j — > rjj of spectra of fields such that any irreducible 
component of X^i, := Xr,^ x^^ rj'j is geometrically irreducible. Then, let Y- be the 
normalization of Yj in r/j, put Xj' := Xj Xy. Y- and denote the map Xj' — > Y- by 
fj. Then rf'j is the generic point of Y- and the generic fiber of f- is X^/. . Note that 

/" 

the generic fiber (Xj'^g^)^^, of f'-^^^^ : Xj'j.^^ ^ Xj' — ^ Y- is isomorphic to (X^/)red- 
Let ^1, • • • ,^rj be the generic points of (Xj'j,gj)^/ and let Xj^ {1 < i < rj) be the 
closure of in Xj'j.^^. Then there exists a closed subscheme Xj'g of Xj'^g^j such that 
^i'red = ^jo U yJiLiX'j^ holds and that /j'i.cd(-^jo) is a proper closed subset of Y-. 
(Since Y- is integral, this implies that Y- — /j'i.ed(^io) i^ dense in Y-.) 
Now let us define X', F' , /', gx, gv, Uy by 

j=i i=i j=i 

/':UU^;.-Li^Ud"^^^^ij^', 

j=i j=i j=i 

9x iiux'^^^ji Xl^ - II ^' ^ u ^ ^, 

j=li=l j=l j=l j 

Uy:^Un{Y-gy{[jfl,,^{X';,))) 
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and define the diagram (6.3) in order that the mophisms in (6.3) are all strict. Then 
one can check that all the required conditions are satisfied. So we are done. □ 

By using Proposition 6.4 and Lemma 6.9, we can prove the following proposition: 

Proposition 6.10. Let f : X — > Y be a proper morphism of schemes and let 
U C Y be a dense open subscheme. Then we have the diagram consisting of strict 
morphism of pairs 



(6.4) 



iUx,X) 
f 



9x 



7 

iUy,Y) 



{Uy,Y) ^ 

satisfying the following conditions: 

(1) Uy is contained in U and dense in Y . 

(2) Y is regular. 

(3) The map gx '■ {U^jX) — > {Ux Xuy UyjX Xy Y) induced by {gx,f) is a 
proper covering and the map gy is a good strongly proper covering. 

(4) There exist fine log structures M^,My on X.Y respectively such that C 
(X, Mj^)triv, Uy C (Y, M^)triv holds and that there exists a proper log smooth 
integral morphism having log smooth parameter {X, M~) — > (F, My) whose 
underlying morphism of schemes is the same as f . 

Proof. First let us take the diagram consisting of strict morphism of pairs 

{Vx,X) {Ux'.X') 



{Vy.Y) 



9Y 



f 



{Uy',Y') 



satisfying the conclusion of Lemma 6.9, and let Y' = IJj=i Yj, X' := IJ^=i(ll[ii XjJ 
the decomposition of Y',X' into connected components with f'{Xj^) C Y^. 
Let us fix j. We prove the following claim: 

claim For any 1 < s < r^, there exists a diagram consisting of strict morphism of 
pairs 



UiLi{Xj^, O'xji) 
(6.5) /' 

satisfying the following conditions: 
(1) Oy j is dense in Yj. 



UiLi{X"j^, O'xji) 
f" 



(2) Y," is regular and connected (so it is integral). 
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(3) The upper horizontal arrow is a proper covering and the lower horizontal 
arrow is a good strongly proper covering. (This implies that the map Y" — > 
Y- is an alteration.) 

(4) There exist fine log structures M-iy x":^y" on IJ|=i ^^v, respectively 

J— Li— 1 ji 3 J J 

and a proper log smooth integral morphism having log smooth parame- 
ter g : (ULi X'-'j, Mtt" X") — ^ (^/')^y") whose underlying morphism of 
schemes is x". such that (1^", My")ti.iv is dense open in Y-' and that 

g-\{Y'', MY")tZ) is contained in {Ut=i M^y ),^,^. 

3 1-1.1=1 ji 

(5) For each i > s+1, X'-^^ is integral and the generic fiber of /"Uj'. : Xj\ — > Yj' 
is non-empty and geometrically irreducible. 

We prove the claim by induction on s: In the case s = 1, we apply Proposition 
6.4 to the morphism Xj^ — )• Yj to obtain the diagram 

^1 ^ ^1 



Y' < F" 

satisfying the conclusion of Proposition 6.4. (In particular, Y" is regular, connected 
and wc have fine log structures Mx"_^,My" on Xj\,Y-' respectively and a proper 
log smooth integral morphism having log smooth parameter g : {X''^,Mx" ) — > 
{Yj', My^') whose underlying morphism of schemes is the same as the map X'-^ — )• 
Y" in the above diagram such that (Y^", My^")triv is dense open in Y-' and that 
g~^{{Y-' , MY^')trrf) is contained in (Xj'^, Mxyjtriv) On the other hand, for i > 2, 
the generic fiber of Xj^ — > Y- is geometrically irreducible. So there exists a unique 
generic point of (Xj^ Xy Y!j')T.cd (which we denote by ^ji) which is sent to the generic 
point of Y-' by the morphism (Xj^ Xy/ Y-').[cA — ^ Y-' . Let X'-^ be the closure of 
^ji in (X'j Xy Y'")i.cd- Then there exists a closed subset Cjj in (X'j Xy/ y,")rcd with 
(Xjj Xy / l^")red = U Cji such that the image of Cji in Y-' is a proper closed subset 
of y/. Then, if we put 

OY,j - - U (image of C,,) 

and define the diagram (6.5) in order that the morphisms are all strict, we can check 
that the diagram satisfies the required conditions. So we have proved the claim for 
s = 1. 

If the claim is true for s — 1, we have the diagram consisting of strict morphisms 
of pairs 



]ii^'ji.o'x,;} < — u:ii(^,o^,,j 



(6.6) /' 
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fine log structures Mtts-i „ , My" on UiZl X"^,Y'' respectively and a proper log 
smooth integral morphism having log smooth parameter g : (111=1 X''^, M-r-rs-i ) — > 

•' \Ai=i ^ji 

{Y'', My!') satisfying the properties stated in the claim. Then, by Proposition 6.4, 
we have the diagram 

^js ^ ^js 



Y" < Y'" 

3 j ' 

and fine log structures M^,„, My,,, on X'-'^, ¥'" respectively, satisfying the conclusion 
of proposition 6.4. (In particular, Yj" is regular, connected and we have a proper 
log smooth integral morphism having log smooth parameter g : (X'^'Mx"') — 

J js 

{Yj", My!") whose underlying morphism of schemes is the same as the map X'J'g — > 
Yj" in the above diagram such that {Yj", My/")triv is dense open in Y"' and that 
(7-^((F/',My"0triv) is contained in (Xj'^, Mx-Otriv) Let Utl ^jl Yj" be the 
base change of UtZl X'J^ — > F/ by Yf F/ and let M^,„,M^ be the 

i \Ai=l -^ji 

pull-back of My;', Mtts-i to Y'", WiZl X"-, respectively. Then we have proper log 
smooth integral morphisms having log smooth parameter 

(^;;,Mi„,)^(i^-,M^„,), 

•'IS 1 



(Ux;;',Mjj.-,^„,) {Y!",M^,„). 

Moreover, we see that (F'", My,„)triv, (K,'", My,„)triv are dense in Y'" and that the 
inverse images of them are contained in {X'-" Mi,„)triv, {U.i=l X'''-, ^,„)triv re- 

■' ■' \Ai=i ^ji 

spectively. Now let us put 

(yf,My,.) := {Y"',M^,„)xy,.{Y"',M^,„), {X'J^,Mx'") := {X'Ji, M},,„)xy.,{Y'" , M^,.), 

(\ix';iM.y-.^,„) := (y'",M^„,) xy,„ (Ux;;,Mf 

Then we have the morphism 

(6.7) (n^;;,M...-.^,,,)n(x-,Mx;;) ^ {y^'.My.^ 

On the other hand, for i > s + 1, define the closed subschcme X'J-, Cji with {X"- Xyi 
^'")red = U Cji as in the case s = 1 (so that the image of Cji in Yj" is a proper 
closed subset). Then we put 

P^y.^O'y^jn(Y;- U (image of C,,)) 

i=s+l 
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and define the diagram 



f 



f" 



in order that the morphisms of pairs are all strict. Then this diagram, together with 
the morphism (6.7) of log schemes, satisfies the required condition for s. So the 
claim is proved. 

By the claim for s = rj (for each j), we see that there exists a diagram consisting 
of strict morphism of pairs 

{x',o'x) < {x,dx) 



f 



(Y',0'y) < {Y,Oy) 

and fine log structures M^,My on X,Y respectively, satisfying the following con- 
ditions: 

(1) O'y C Y' is dense open. 

(2) Y is regular (hence it is a disjoint union of integral schemes). 

(3) The upper horizontal arrow is a proper covering and the lower horizontal 
arrow is a good strongly proper covering. (This implies that the morphism 
Y — > Y' is a disjoint union of alterations.) 

(4) There exists a proper log smooth integral morphism having log smooth pa- 
rameter {X, M^) — > {Y, My) whose underlying morphism of schemes is 
the same as / such that (y, M^)triv is dense in Y and /""^((y, Mj;)triv) Q 
{X, Mj^)triv holds. 

Now let Tjj (1 < j < b) be the generic point of Yj, let ^ji, - ■ ■ , ^jr^ be the generic 
points of X' over f]j and let r]j be the generic point of Y over f]j. By the condition 
(3) in Lemma 6.9, ^ji x^^ r]j is irreducible. So {^ji x^^. ri'-}ji is bijective to the set 

of generic points of X' Xy'Y which are sent to one of the generic points of Y by 
second projection. Since Ox — ^ O'x is surjective and ^ji^s are contained in O'x, 
there exists a point of X whose image in X' is Then is sent to rjj by 
X — > Y — > Y'. By the property (3) above, rjj is the unique point of Y which is 
sent to r)j eY'. So fjj is sent to rj'j by X — > Y . Hence is sent to x^. -q'^ by 
the map X — > X' Xy/ Y . So the image of the map X — > X' Xy'Y contains the 
closure of {^ji Xy^ v'j} id- Therefore, we have a closed subset C of X' Xy'Y such that 
X' Xy'Y = (image of X) U C holds and that the image of C in F (which we denote 
by Zi) is a closed subset of Y such that Y — Zi is dense in Y. 
Now let ^2 := y - (F, M^)triv, define f/y C F by 

Uy := Y - {{Y - Vy) U (image of Zi U Z2) U (image of Y' - O'y,)), 
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and define the diagram (6.4) in order that the mophisms in (6.4) are all strict. Then 
one can check that all the required conditions are satisfied. So we are done. □ 

Now we prove our main theorem in this section: 

Theorem 6.11. Let f : X — >• Y be a proper morphism of schemes and let q E N. 
Then we have the diagram consisting of strict morphism of pairs 

— {U^,X) (t/^(.),x(-)) 

(6.8) 



{Ux,X) 
f 



/(.) 

(Uy,Y) 



(Uy,Y) ^ (Uy,Y) 

satisfying the following conditions: 

(1) Uy is dense in Y. 

(2) Y is regular. 

(3) The left square is Cartesian, gy is a good strongly proper covering and h is 
a q-truncated proper hypercovering by a q-truncated split simplicial pair. 

(4) There exist fine log structures M^^^-^jMy on X^"\Y respectively {n < q) 

such that Q (X^"\ M~(„))triv, C^y Q (^, -^y)triv holds and that for 

each n < q, there exists a proper log smooth integral morphism having log 
smooth param,eter {X^^\ ^xw) — ^ (^) ^y) whose underlying morphism of 
schemes is the same as 

Proof. We prove the theorem by induction on q. When q 
diagram 

{Ux,X) ^ 



holds, let us take a 



/ 

(Uy,Y) 



9y 



(Uy,Y) 



satisfying the conclusion of Proposition 6.10. Then, if we put {U^,X) := {Ux Xuy 
UyjX XyY), we obtain the required diagram. 

Now let us assume that the theorem is true for q, and take the diagram 



(Ux,X) 
f 

{Uy,Y) 



9y 



(Ux',X') 
f 

{Uy',Y') 



{Uy',Y') 



satisfying the conclusion of the theorem for q. Then put C :— cosk^ (^x'^*^)^'^'^^^ and 
starting from the morphism C — > Y', let us take a diagram 

(VcC) < (l^^(,,,„X(^+^)') 
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satisfying the conclusion of Proposition 6.10. Now let us put X := X' Xy/ Y, X*^*^ := 
X'^*^ Xy ?{• < q), C := C Xy' Y = coskf Let us replace Uy by 



Y - ((image of Y' - Vy) U {Y - Uy)), define the diagram 



(6.9) 



{Ux,X) 
f 

{Uy,Y) 



9Y 



iU^,X) 

7 

iUy,Y) 



/(.) 

iUy,Y) 



in order that the mophisms in the diagram are all strict, and define Uq, U^^^^-^y 
by := C Xy C/y, := Xy Uy- Then the diagram (6.9) satisfies the 

required condition for q and we have a proper covering ([/^(g+ij/ , X^^+^)') — > (C/g, C) 
over {Uy^Y). Then, by using the recipe of [SD, 5.1.3](=[T5, 7.2.5]), we can form a 
(g + l)-truncated split simplicial pair {U^^.^^X^'^) which fits into the diagram like 
(6.9) (• runs through < • < g + 1 now), and we see that it satisfies the required 
condition for + 1. So the proof of the theorem is finished. □ 



7. Relative rigid cohomology (II): general case 

In this section, we prove (a version of) Berthelot's conjecture on the overconver- 
gence of relative rigid cohomology of proper smooth morphisms (Conjecture 0.2) 
under mild assumption. We also prove the generic overconvergence for proper mor- 
phisms which are not necessarily smooth. 

In this section, B,B are as in the previous section: Namely, B — Spec A; and 
B — Spf 1^(A;), where A; is a perfect field of characteristic p. 

Before the proof, we need to prove the descent property of the category of over- 
convergent isocrystals for strongly proper Cech hypercovering. First we prove a 
lemma, which is essentially due to Ogus [01, 4.15]: 

Lemma 7.1. Let N, a be positive integers and let us assume given the following 
diagram 

Y' ^ (P^)" 

(7.1) /| 

Y > y, 

where the horizontal arrows are closed immersions, f is a projective surjective mor- 
phism between reduced B-schemes, y is a flat formal B-scheme, {FyY is the a-fold 
fiber product ofFy over y and g is the natural morphism. Then, for any m > 0, 
there exists n > such that, for any n' > n, the morphism {gK)~^{Tm,i{y)K) H 
Tn',i{{Fy y^)K — ^ Tm,i{y)K induced by gx is surjective. 
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Proof. We prove the lemma by induction on a. In the case a = 1, the lemma is 
proven in [01, 4.15]. In general case, we factor the diagram (7.1) as follows: 



F 
/i 
Y 

h 
Y 



91 



y 

92 



Then we can use the 



where Y denotes the image of F — >• (F^)" v^^, 
induction hypothesis: So, for any m > 0, there exist k and n such that for any 
n' >n, we have surjections 

(^?i)(TM(P?)^-')nT„,i((Pj)^)^T,,i((Pj)»-^);,. 
From these surjections, we obtain the assertion. □ 

Corollary 7.2. Let N, a be positive integers and let us assume given the following 
diagram 



Y' 



Y 



y. 



where the upper horizontal arrow is a closed immersion, the lower horizontal arrow 
is a homeomorphic dosed immersion, f is a projective surjective morphism between 
B -schemes, y is a formal B -scheme, (IP^)" is the a-fold fiber product ofFy overy 
and g is the natural morphism. Then there exists n > such that, for any n' > n, 
the morphism Tn/^i{{¥y)"')K — > yx induced by gx is surjective. 

Proof. By dividing Oy by the ideal of p-torsions, we may assume that y is flat 
over B. (This does not change the morphism gx-) Moreover, we may replace 

/ by /red : ^rcd — ^ ^red bccausc the inductive system of admissible open sets 
{Tn,i{{FyY)K}n are unchanged up to canonical isomorphism as inductive systems. 
Then the corollary is a special case of Lemma 7.1. □ 

Now we prove the descent property of the category of overconvergent isocrystals 
for strongly proper Ccch hypcrcovering. 



Proposition 7.3. Let {Y,Y) ^ {Y^'^y'^'^) be a strongly proper Cech hypcrcov- 
ering of pairs over a B -scheme S and let S "-^ S he a closed immersion into a 
formal B-scheme S. Then, if we denote the category of descent data with respect to 
7t((y(n)^y("))/5^) (^ = 0, 1, 2) by P{{Y^'\Y^'''')/Sk), the restriction functor 

I\{Y,Y)/Sk) ^ I\{Y^-\Y^'^)/S, 
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is an equivalence of categories. 

Proof. Since we may work locally on F, we may assume that Y admits a closed 
immersion i : Y ^ y such that y is formally smooth over S. By Chow's lemma, 
we can take a morphism h : Z — > Y^^^ such that both h and g^^^ o h are projective 
surjective morphisms. Since the proposition for the strongly proper Cech hypercov- 
erings induced by h and g^^"^ o h implies the proposition for g^*\ we may assume that 
gio) ig projective to prove the proposition. So we may assume that there exists a 

closed immersion over i. Then, by taking fiber products, we obtain 

the following diagram: 

(7.2) ,(.)| 

F y. 

Let us denote the category of descent data for P{{Y'-'^'\Y''"'^)/S,{¥y)^^^) {n = 

0, 1,2) by P{{Y^'\Y^'^)/S, (P^)*+^). Then it suffices to prove that the restriction 
functor 

/t ( (F, F) /Sk ,y)^l\ {Y^'^ , Y^'^ ) (Pj ) --^^ ) 

is an equivalence of categories. 

For m e N, let y^ be the m-fold fiber product of y over S. Then, by taking fiber 
products, we obtain the following diagram from the diagram (7.2), where Z — y"^: 



(7.3) 




Y -^-^ Z. 

Since the category l'f{{Y,Y)/SK,y) (resp. /t((y(»)^F^'))/5^^ (p^)»+i)) jg defined 
as the category of coherent j^OivFr -modules (resp. coherent j^Ow.). -modules) 

endowed with an isomorphism between pull-backs on ]Y[y2 (resp. ]Y^*\(jn^'^2[.+i)) 

satisfying the cocycle condition on ]Y[yA (resp. JF*'*'' [(pjv^-)3{.+i)). So, to prove the 

proposition, it suffices to prove the descent for coherent modules, that is, it suffices 
to prove that the restriction functor 

is an equivalence of categories for Z = y^, where Coh(j^C^(,) ) denotes 

[(p^)m(. + l) 

the category of descent data with respect to Coh(j''"Q— (n). ) (n = 0, 1, 2). To 

1^ [(pW)m(n+l) 

prove this, it suffices to prove the same assertion after we pull-back the diagram 
(7.3) by Ti^i{Z) — > Z (/ e N). So we may assume that i is a homeomorphic closed 
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immersion. (But we do not assume anymore that Z is equal to y'"\) Moreover, we 
may assume that Z is afhne. 

By Corollary 7.2, there exists a surjection i((P;^)™)/^ — > Zi^ for some k. Let 
Tk,i{{^^T)' be the •-fold fiber product of rfcj((Pf over Z. Then Tfc,i((Pf )")^+^ 
is an admissible open set of ]y''*^[(p^)m(.+i). Let Qi, - ■ ■ , gc £ ^{Z, Oz) be a lift of 
generators of V(Y , Kcr((9y C'y.y)), and for v G p^<", let us define the admis- 
sible open set Zk,u (resp. Tfc,i((Pf )'")^ J of Zk (resp. Tfc,i((Pf )'")^) as the set 
U-=i{|5.l>W- 

Now assume that we are given an object E'^*^ in Cohfj^'C— {.) ). Then, for 

i'^ l(pN")m{.+ l) 

u sufficiently close to 1, E'^*'^ defines a compatible family (with respect to < • < 2) 
of coherent modules on Tk^i{{¥^)'^yj^l. To show the assertion, it suffices to prove 
that it descents to a coherent module on yi,^K- That is, it suffices to prove the 
descent property of coherent modules for the map 

(7.4) n,,mry^}, z^,.- 

Note that this map is obtained as the pull-back from the Cech covering induced by 
the analytically fiat, analytically surjective map of formal schemes i((P2)™) — ^ 
Z. So, by any affinoid admissible open set Q/^ of Zi^ y. the pull-back of the map (7.4) 
by Q,K — ^ Zj^y is the Cech covering induced by an analytically fiat, analytically 
surjective map of formal schemes. So the descent of coherent module for this map is 
true due to the rigid analytic faithfully flat descent of Gabber. So we have finished 
the proof of the proposition. □ 

Now we prove our main theorem on the generic overconvergence for proper mor- 
phisms. 

Theorem 7.4. Take a triple of the form {S, S, S) and let us assume given the 
diagram 

(7.5) (x,X)^{Y,Y)-^{S,S), 

where f is a strict proper morphism of pairs and g is a morphism of pairs. Then, 
there exists a non-empty open set Uy ofY, a diagram 

{where gy is a composition of an etale surjective map and a proper surjective map 
and i is a closed immersion into a p-adic formal scheme formally smooth over S), 
such that, for any locally free overconvergent isocrystal £ on {X,X)/S and q & N, 
there exists the unique overconvergent isocrystal T on {Uy ,Y) / Sk satisfying the 
following condition: For any triple {Z, Z, Z) over {Uy, Y, y) {where Uy := Uy XyY) 
satisfying Z = Uy Xy Z with Z formally smooth over y, the restriction of J-' to 
I\{Z,Z)/Sk,Z) is given functorially by {R''f(^xxYZ,xxyZ)/z,rig*^^^)> "^^ere e is an 
isomorphism 

P2R'^ f (XXYZ,XXYZ)/Z,rig*^ ~^ -^'^/(XxyZ,XXyZ)/2:x5Z,rig*^ ^ ^'l-^'^/(XxyZ,XXyZ)/2,rig*^ 
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{pi denotes the i-th projection ]Z[zxsZ — ^]Z[z)- 

Proof. First we prove the following boundedness property (this is essentially the 
same as [T5, 6.4.1]): There exists a positive integer qo such that, for any overcon- 
vergent isocrystal S on (X, X)/Sk and any (Y, y)-triple (Z, Z, Z) over (5, 5, S), we 
have 



(7.6) 



(XxyZ,XXTr2)/2,rig* 



£ = 



for any q > Qo- To prove this, it suffices to check the equality (7.6) (for q sufficiently 

large) in the case where Y and Z are affine, and by [T5, 6.3.2], we may assume 

V such that V 
— ']Z[z by if. 
Then we have the spectral sequence 



that X is affine. Then there exists a closed immersion X Xy Z ^ 
is formally smooth over Z. Let us denote the morphism ]X Xy Z[p 



]xx—z[-p 



/(XxyZ,XXyZ)/2,rig* 



where E denotes the coherent j"''(9jYx_^[p-i^odule associated to £. Then, by [T5, 

3.2.2 (i)(ii)], the i^^'^-term is equal to zero for t > 1 or sufficiently large s. So we 
have the claim. By this claim, it suffices to treat only the case < g < go to prove 
the theorem. (So we assume this.) 

Put N :— qo{qo + l)/2 and let us take a diagram consisting of strict morphism of 
pairs 



(Ux,X) 
f 

(Uy,Y) 



9y 



7 



{U^,.y,XW) 



satisfying the conclusion of Theorem 6.11 (but q is replaced by N): Then there 
exist fine log structures M^^^y , My, on X^'^^ ,Y' respectively (n < N) such that 

U^(ny C (X(")',Mj^(„),)triv, C/y Q (Y',My,)uiy holds and that for each n < N, 
there exists a proper log smooth integral morphism having log smooth parameter 
(X*^")', M~(„y ) — > {Y',M~,) whose underlying morphism of schemes is the same 
as /("■)'. Then let us take a strict etale covering g'y : (Y,My) — > (Y',My,) and a 
closed immersion i : {Y, My) ^ (3^, My) such that the inverse image Uy of Uy in Y 
is contained in {y, Mj;)triv, (3^, My) is formally log smooth over S and y is formally 
smooth over S. Put gy :— g'y o g'y and let us denote the base change of the diagram 



{UxnX') ^ {Uxi,y,X^'y) 



iUy„Y') 



{Uy,X) 
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iUy,Y). 



Then we obtain the diagram consisting of strict morphism of pairs 



(7.7) 



iUY,Y) 



9Y 



f 

iUy,Y) 



/(.) 

{Uy,Y) 



satisfying the conditions in Theorem 6.11 (g is replaced by N) except that gy is now 
a composition of an etale surjective map and a proper surjective map. Let us replace 
Uy by YnUy and make the diagram (7.7) in order that all the morphisms are strict. 
(Then Uy is no more dense in Y but only non-empty.) Let us define the simplicial 
scheme X(') by X^') := cosk^(X(*)) and let U^c*) be the inverse image of Uy in X^*\ 
(Then the A'"-truncation of (C/^(,), X^*)) is nothing but (C/j(,), X (*)).) Then, since 
{Uj^(,), Jt^*^) — > {U^,X) is a proper hypercovering, we have the spectral sequence 
of relative rigid cohomology 



(7.8) 



El 



s.t 



-R*/(r/^(^),XM)/y,rig*^ 



^^^^^ {u~,x)/y,Tig*^ 



estabhshed by Tsuzuki (see [T5]). Then, for s < N, the i?i'*-term R^f^^j^^ ),A'(«))/y,rig* 
£ — R^f^jj^^ ^ x('))/y rig*^ ^ coherent j^Ojjjj^-module (where j is the admissi- 
ble open immersion jf^yiy^J^fy) by Theorem 5.1. So, by the spectral sequence 
(7.8), we see that rig*^ ^ coherent ^''^Cj^^j^-module. By the 

same reason, R'^f^rr y^/^,^ -m • ^ is also a coherent j^O.^, -module. Then, by 
the base change theorem by Tsuzuki [T3, 2.3.1], the morphisms P*-R^/({7„ x)/^ rig*^ 

— > R'^fnr -V, • £^ for i = 1,2 are isomorphisms, where Pi denotes the i-th 

■> {u~,x)/yxsy,Tig* ' jr' ) 

projection Jl^fyxsy — ^]Y[y- if we define e^°^ to be the isomorphism 



P2^V (U~,X)/y,rig/ 



^''hu~,x)/yxsy,rig*^ 



PlR'^f{U~,X}/y,rig*^^ 



then jr(o> := (Rif 



{u~,x)/y,vig* 



£, e^°^) defines an overconvergent isocrystal on (Uy, Y) / 



Now, for m G N, let F^™^ (resp. 37<™)) be the (m + l)-fold fiber product of Y 
(resp. 3^) over Y (resp. iS), let Uyira) be the inverse image of Uy by y^™) — > Y and 
let (t/^(^),X^™^) be {Ux Xuy Uy^^),X Xy F^"^^). If we choose one of the projections 
y(m> ^ Y and if we put (t/^,^>,(.), X <-)'(«)) := {U^,„ Xu~Uy^^,,X('^ Xj^F^™)), the 
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morphism (f/^(„) , X^'"^'^*-') — > [Uj^^^-^jX^"^^) is an A^-truncatcd proper hypcrcov- 
ering and the morphism X^"^'^'^'"'' — > y(m.> (^^ < jyj admits log structures (pull-back 
log structures from X^'"\Y) which makes this morphism a proper log smooth inte- 
gral morphism having log smooth parameter. So, by the argument using the spectral 
sequence like (7.8), we see that -^^/([7~^^^,x<'">)/y<->,rig*^ ^ coherent j^O^y^^^^^^^^- 
module and ^V(c;^^^^,xW)/yWx^y<^>,ng/ a coherent jtOj^^^^^j^^^^^^^^^^ -module 
for each m G N. Then, by [T3, 2.3.1], they naturally defines an overconvergent 
isocrystal ^<-> of the form (i?V(t;„^^^,x(^))/y(^),,ig/, on (C/^^^,, 
Again by [T3, 2.3.1], ^^'"^ is compatible with respsect to m. So ^^'^ defines an 
object of P{{Uy^.y Y^'^)/SK), where (([/-<.>, rW)/^^) denotes the category of 
descent data with respect to /''"((f/j;^^) , (m = 0, 1,2). Now let us recall 

that the category of overconvergent isocrystals satisfies the descent property for 
strict etale hypercoverings ([S3, 5.1]) and strict proper Cech hypercoverings (Propo- 
sition 7.3). So it satisfies the descent property for Cech hypercoverings constructed 
from a morphism which is the composite of a strict etale covering and a strict proper 
covering. Hence we have an equivalence of categories 

(7.9) P{{Uy,Y)/SK) P{{Uy,^„Y<"^^)/SK), 

that is, J^^*^ descents to an overconvergent isocrystal on ([/-^^^ , F^™^)/(S, which we 
denote by J^. 

By definition, T satisfies the required property when (Z, Z, Z) is equal to {Uyim) , Y 
{m> -y(m)^ (m G N). By the descent property (7.9), this property characterizes T. 
So we have the uniqueness of T. 

Finally we check that satisfies the required property. When a triple (Z, Z, Z) 
as in the statement of the theorem is given, we have the diagram 

(Z,Z) ^ {XxYZ,XXyZ) = {U^Xu^Z,XXyZ) ^ (f/^(.) x^^^.^ Z, x^(.) Z) 

and for each n < N, the morphism (?7^(„) Xi7~(„) Z,X^"'^ ^y(n) Z) — > {Z, Z) admits 

log structure (the pull-back log structures from X^'^\Y) which makes this morphism 
a proper log smooth integral morphism having log smooth parameter. So we have 
the coherence of i?V(xxyZ,xx^z)/2,rig*^ and i?''/(xxyZ,xx-z)/2x52,rig*^' by the ar- 
gument using spectral sequence hke (7.8). Then, by [T3, 2.3.1], we see that the 
restriction of to P{{Z, Z)/Sk) is given by (i?V(xxyZ,xxyZ)/2,rig*<^' e)' which is as 
in the statement of the theorem. The functoriality of this expression can be shown 
in the same way as Theorem 5.2 (see [S3, 4.8]). So we are done. □ 

Remark 7.5. By looking at the proof carefully, we see the following: in Theorem 
7.4, we can take Uy to be open dense in Y when y C F is open dense. 

By using the above theorem, we can prove the following theorem, which gives the 
affirmative answer to Conjecture 0.2 (the version without Frobenius structure) in 
the case S = Spf V and Y is smooth over k. 
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Theorem 7.6. Let V be a complete discrete valuation ring of mixed characteristic 
with residue field k and put S :— Spec A;, 5 := Spf y. Let us assume given the 
diagram 

(7.10) ^x,X)M{Y,Y)^{S,S), 

where f is a strict proper morphism of pairs such that f\x '■ X — > Y is proper 
smooth, Y is smooth over k and g is a morphism of pairs. Then, there exists a 
non-empty open set Uy ofY and a diagram 

Y^Y^y 

{where gy is a composition of an etale surjective map and a proper map and i is a 
closed immersion into a p-adic formal scheme formally smooth over S) such that, 
for an overconvergent isocrystal 8 on {X,X)/Sk {which is automatically locally free) 
and g G N, there exists the unique overconvergent isocrystal T on (F, Y^jSx satisfy- 
ing the following condition: For any triple {Z, Z, Z) over {Y Xy "K, "K, 3^) satisfying 
either Z = Y XyZ or Z = Uy XyZ with Z formally smooth over y, the restriction 
ofT to P{{Z,Z)/Sk,Z) is given functorially by {R'^fxxYZ,xx^z)/z,ng*^^(^)> '^here 
e is an isomorphism 

P2-^^/(XxyZ,Xx— Z)/2,rig*^ ~^ f {XxYZ,Xx—'Z)/ZxsZ,ng*^ P'i-^'^ f {XxyZ^x^)/ Z,rig*^ 

{pi denotes the i-th projection ]Z[zxsZ — ^]Z[z)- 

Proof. First, let Y' be the closure of y in y and put X' :— Y' XyX. Then we have 
the equivalences of categories 

P{{X,X)/Sk) = P{{X,x')/Sk), I\{Y,Y)/Sk) = P{{Yy)/SK). 

So we may replace X.,Y by x',y' to prove the theorem, that is, we may assume 
that y is dense in Y . 

By Theorem 7.4 and Remark 7.5, there exists an open subset Uy C Y dense in Y 
and a diagram 

Y^Y^y 

(where gy is a composition of an etale surjective map and a proper surjective map 
and i is a closed immersion into a p-adic formal scheme formally smooth over S) 
and the unique overconvergent isocrystal !Fi on {Uy,Y)/SK such that, for any 
triples {Z, Z, Z) over {Y Xy Y , Y , y) satisfying Z = Uy Xy Z with Z formally 
smooth over 3^, the restriction of J^i to P {{Z., Z) / Sk-, Z) is given functorially by 
{R'^fi^xxYZlcx^)/Zv\g*^^^) statement of the theorem. 

On the other hand, by [S3, 5.14] and the descent property of l\{Y.iY) /Sk) 
for etale and proper coverings, we see that there exists the unique overconvergent 
isocrystal JF2 on {Y,Y)/Sk such that, for any triples {Z,Z,Z) over (Y Xy y,y, 
3^) satisfying Z = Y Xy Z with Z formally smooth over y, the restriction of J^2 
to P{{Z,'Z)/Sk,Z) is given functorially by (^^/(xxyZ,Xx-z)/2,rig*^' in the 
statement of the theorem. (In fact, the unique existence of the restriction of 
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to I'^{{Y Xy F,F XyY)/Sk) follows from [S3, 5.14] and we can descent it to 
^2 e ^HO^^^)/^) by using the descent property.) 

Let us denote the restriction of J^i {i — 1, 2) to /^((C/y , Y) / K) by Then, for any 
triple (Z, Z, Z) over {Y XyY , Y, y) satisfying Z = Uy XyZ and Z = F XyZ with Z 
formally smooth over 3^, the restriction oi J^l {i = 1, 2) to P{{Z, Z)/Sk, Z) arc both 
given functorially by {R'^f\xxYZlcx—'z)/z rig*^' ^) ^^'^ statement of the theorem. 
Moreover, the above condition charaterizes the overconvergent isocrystals J-'l because 
of the descent property of /^((C/y, Y)/K) for Cech hypercoverings constructed from 
a morphism which is the composite of a strict etale covering and a strict strongly 
proper covering. So wc have the canonical isomorphism JF{ = J^'^. Then, by [Kel, 
5.3.7], we see that there exists uniquely an overconvergent isocrystal on (F, Y)/Sk 
whose restriction to P{{U,Y)/Sk) (resp. I\{Y,Y)/Sk)) is equal to Ti (resp. JF2). 
One can see easily that T satisfies the required property. The uniqueness of T 
follows from that of and ^2- So we are done. □ 

Let us recall the following conjecture by Tsuzuki ([Tl, 1.2.1]): 

Conjecture 7.7 (Tsuzuki). Let X he a smooth separated k-scheme of finite type and 
let X ^ X he an open immersion such that X is dense in X. Then the restriction 
functor 

(7.11) I\{X,X)/Sk) I\{X,X)/Sk) 

is fully faithful. 

If we admit this conjecture, we can drop the condition 'y is smooth' in Theorem 
7.6: 

Theorem 7.8. Let us admit the validity of Conjecture 7. 7. Let us put S :— Spec k, S 
:— Spf V and let us assume given the diagram 

{X,X)^(Y,Y)^iS,S), 

where f is a strict proper morphism of pairs such that f\x ■ X — > Y is proper 
smooth and g is a morphism of pairs ( but Y is not necessarily smooth) . Then the 
same conclusion as Theorem 7.6 holds. 

Proof. We may assume that Y is dense in Y. By Theorem 7.4 and Remark 7.5, we 
have an open subset [/ C y dense in Y, proper surjective morphism F^'^^ — > Y, 
an etale surjective morphism Y — > Y^^\ a closed immersion Y y oi Y into a 
formal i3-scheme formally smooth over S such that, for any overconvergent isocrystal 
E on {X,X)/Sk and g e N, there exists the unique overconvergent isocrystal J^i 
on {U, Y)/K satisfying the following condition: For any triple {Z, Z, Z) over {Y Xy 
Y, Y, y) satisfying Z = U Xy Z with Z formally smooth over y, the restriction of 
J^i to I\{Z, Z)/Sk, Z) is given functorially by (i?^/(xxyZ,xxyZ)/2,rig*^' e) as in the 
statement of the theorem. By Theorem 6.11 and the proof of Theorem 7.4, we can 
take and U in order that is smooth over k and U Xy is dense open in 
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On the other hand, let be the inverse image of Y in Y^^\ Since is smooth 
over k, there exists (by [S3, 5.14] and Proposition 7.3) the unique overconvergent 

isocrystal :r^°^ on {Y^^\Y^^^)/Sk such that, for any triple {Z,^,Z) over (Y Xy 
Y, Y, y) satisfying Z — Y Xy Z with Z formally smooth over y, the restriction of 

iol\{Z,Z)/SK,Z) is given functorially by (-R^/(xxyZ,xx-z)/2,rig*^' ^) ^ 
statement of the theorem. For m G N, let F^*^)'™ be the m-fold fiber product of Y^^'' 
over Y . Then, since the morphism XXyF W.™ — > y(o>,m j^^^g j^g gj^QQi;]-^ parameter, 
we can prove (again by [S3, 5.14] and Proposition 7.3) the unique existence of 
overconvergent isocrystals J^if^'"^ on (y^'^)-™, Y'^^'^''^) / Sk {tti G N) which is compatible 
with respect to m. Hence, by descent property of overconvergent isocrystals with 
respect to the proper covering — > Y, we see that the family {J^2'^'^}m=i,2,3 
descents to the overconvergent isocrystal on {Y,Y)/Sk, which we denote by 

Let us denote the restriction of J-'i{i = 1,2) to P {{U,Y)/Sk) by JF^'. Then, we 
can see the following in the same way as the proof of Theorem 7.6: For any triple 
{Z,Z,Z) over {Y XyY^Y^y) satisfying Z ^ U XyZ and Z ^ Y XyZ with Z 
formally smooth over 3^, the restriction of JF/ (i = 1, 2) to P{{Z, Z) /Sk, Z) are both 
given functorially by {R'^ f {^xxy zlcx—'z)/ z rig*^i ^) ^ statement of Theorem 7.6. 

This implies that there exists the canonical isomorphism T[ = So it suffices to 
prove that the functor 

(7.12) 

: I\{Y,Y)/Sk) ^ I\{U,Y)/Sk) ^miu.Y)/K) I\{Y,Y)/Sk) 
induced by the restriction functors is an equivalence of categories. Note that we can 
take (by using the results in [dJ]) a split proper hypercovering Y < — F^*^ such that 
y^^"* is given as above and that each y^"^^ is smooth over k. Let y be the 
inverse image of Y,U in Y^*\ respectively. Then, by proper descent (Proposition 
7.3) of overconvergent isocrystals and [SD, (3.3.4.2)], the restriction functor 

(7.13) I\{P,Q)/Sk) I\{P^'\Q<'^)/Sk) 

for (P, Q) = (y, y), (U, y), (y, y), {U, Y) are equivelences of categories, where P{{P^*\ 
Q^*^)/Sk) denotes the category of descent data with respect to P{{P^'^\Q^'^^)/Sk) 
{m — 0, 1, 2). For m e N, let us denote the functor 

jt((yM^y(-))/^) _^ /t(([/(™),y<™V^) XiH(ui-lYi-))/K) I\{Y^"'\Y^^'^^) / K) 

by 0^*"^ Then, by the equivalence of categories (7.13), it suffices to prove that 0*-°^ 
is an equivalence of categories and that is fully faithful for m e N to prove the 
equivalence of 0. 

First, 0^°^ is an equivalence of categories by [Kel, 5.3.7], since y^°^ is smooth over 
k and is dense open in Y^^\ Next, let us prove the full-faithfulness of m > 1. 
Since y^™"^ is smooth over A;, we may consider connected componentwise. So we may 
assume that y^™^ is connected. Then, if f/^™) is non-empty, it is dense in y^™\ In 
this case, 0'-™^ is an equivalence of categories by [Kel, 5.3.7]. On the other hand, if 
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jjim) jg empty, then 0^™^ is fully- faithful by Conjecture 7.7. So 0^™^ is fully faithful 
for m > 1, and the proof of the theorem is now finished. □ 

Next we give a result on Frobcnius structure on the overconvergent isocrystal 
constructed in Theorems 5.2, 7.4, 7.6. 

Let y be a complete discrete valuation ring of mixed characteristic with perfect 
residue field k, let vr be a uniformizer of V and put S := Spf V, S := Spec V/nV = B. 
Let us fix an integer q which is a power of p. For a scheme X over Fp, let Fx be 
the g-th power Frobenius (the morphism induced by g-th power endomorphism of 
structure sheaf). Assume that we have an endomorphism a : S — > S which lifts 

Fs : S — > S and fix it. Then, if we have a morphism of pairs {X,X) — > {S,S), 
we have the canonical functor 

F* : P{{X,X)/Sk) P{{X,X)/Sk) 

induced by the morphisms F-^ and cr. An overconvergent F-isocrystal on (X, X)/Sk) 
is defined to be a pair {£, a), where £ is an overconvergent isocrystal on [X, X)/Sk 
and a is an isomorphism F^£ £ (which we call a Frobenius structure on £). 
Then we have the following: 

Theorem 7.9. Let the notations be as in Theorem 5.2, Theorem 7. 4 or Theorem 
7.6. Assume moreover that S = Spf V, S = Spec k {V is as above) and that we have 
a fixed endomorphism a : S — > S which lifts Fs : S — > S. Then, if £ has a 
Frobenius structure, T in the theorem has a canonical Frobenius structure induced 
from that on £. 

Proof. Since the proof is quite similar to that of [S3, 5.16], we only give a sketch: 
we are reduced to proving that, for any {Z, Z, Z) as in the statement of Theorem 
5.2, 7.4 or 7.6 endowed with an endomorphism az '. Z — > Z compatible with F-^ 
and 0", there exists a functorial Frobenius structure on the restriction Tz of T to 
P{{Z.iZ)/Sk-,Z). To simplify the notation, we replace (Z, Z, Z), (X Xy Z, X Xy 
Z), oz by (y, y, 3^), (X, X), (Ty, respectively. Then we have the canonical homomor- 
phism 

(where F* is induced by Fj^ and ay). We can prove that it is an isomorphism in 
exactly the same way as [S3, 5.16]. □ 

Using Theorem 7.9, we can prove the following theorem, which gives the affir- 
mative answer to Conjecture 0.2 (the version with Frobenius structure) in the case 
S — Spf y. (This is the 'Frobenius version' of Theorem 7.8, but we do not assume 
Conjecture 7.7 here): 

Theorem 7.10. Let S :— Speck, S :— Spf y and let us fix an endomorphism a : 
S — > S which lifts Fs : S — > S. Let us assume given the diagram 

(X,X)^{Y,Y)^{S,S), 
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where f is a strict proper morphism of pairs such that f\x '■ X — > Y is proper 
smooth and g is a morphism of pairs Then, for an overconvergent F-isocrystal £ 
on {X,X)/Sk and q E N, the same conclusion as Theorem 7.6 holds and T has a 
canonical Frobenius structure induced by that on £. 

Proof. We may assume that Y is dense in Y . Let the notations be as in the proof of 
Theorem 7.8. Then the argument in the proof of Theorems 7.8, 7.9 shows that there 
exists a canonical Frobenius structure on and with the isomorphism T[ = T'^ 
as overconvergent F-isocrystals. Let us denote the category of overconvergent F- 
isocrystals on a pair (P, Q) by F-I^{{P, Q)/Sk)- Then it suffices to prove that the 
restriction functor 

: F-P{{Y,Y)/Sk) F-P{{U,Y)/S) F-P{{Y,Y)/Sk) 

is an equivalence of categories. Note that, for a smooth separated A;-scheme Z and 
a dense open immersion Z --^ Z, the restriction functor 

F-I\{Z,Z)/Sk) F-I\{Z,Z)/Sk) 
is known to be fully faithful [Ke3], [Ke2, 4.2.1]. So we see that the functor 

0(^> :F-7t((y("^),F^'">)/5;^) 

F-I\{U^-\Y^"'^)/S) x^.,t((,;(^),y(^))/5,) F-/t((F<™),r<™))/5;,) 

is an equivalence of categories for m = by [Kel, 5.3.7] and it is fully- faithful in 
general. (See the proof of Theorem 7.8. Here we do not use Conjecture 7.7 because 
we use the above-mentioned result of Kedlaya instead of Conjecture 7.7.) Prom this 
fact, we can deduce that (j) is an equivalence. So we are done. □ 
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